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Abstract. A generalized complex manifold which satisfies the 99-lemma ad- 
mits a Hodge decomposition in twisted cohomology. Using a Courant alge- 
broid theoretic approach we study the behavior of the Hodge decomposition 
in smooth and holomorphic families of generalized complex manifolds. In par- 
ticular we define period maps, prove a Griffiths transversality theorem and 
show that for holomorphic families the period maps are holomorphic. Fur- 
ther results on the Hodge decomposition for various special cases including 
the generalized Kahler case are obtained. 



1. Introduction 

Generalized complex structures, introduced by Hitchin |15) and further devel- 
oped by Gualtieri |12) and Cavalcanti j5] are a hybrid of complex and symplectic 
geometry. They have gained popularity for their connections to string theory com- 
pactihcations, supersymmetry and mirror symmetry. Aside from the unification of 
complex and symplectic geometry there are other features which point towards a 
deep connection between mirror symmetry and generalized complex geometry. 

On a generalized complex manifold M there is an analogue of the 9-operator for 
complex manifolds, which we also denote by d. This gives rise to cohomology groups 
7jA(M) which are to be thought of as a kind of Hochschild homology since in the 
case that M is an ordinary complex manifold one has Hj^(M) = (§) q _ p=k H p q (M). 
In certain cases the 9-cohomology gives rise to a decomposition of the cohomology 
of M, or in the presence of a non-trivial twisting 3-form H, a decomposition in 
twisted cohomology (the relevant definitions are recalled in the paper) 

n 

(1.1) H*(M,H)®C= H±(M). 

k— — n 

More generally H*(M,H) C is related to the H^(M) groups through a spectral 
sequence. The decomposition (jl.ip occurs precisely when M satisfies the general- 
ized complex version of the 99-lemma. In this case f)l . 1 [) is a Hodge structure on 
twisted cohomology. This paper concerns aspects of these Hodge structures and in 
particular their behavior with respect to families of generalized complex structures. 

Recall that the classical picture of mirror symmetry involves an isomorphism be- 
tween A-model correlation functions on one side and B-model correlation functions 
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on the mirror. The A-model correlation functions are related to quantum coho- 
mology while the B-model is related to variation of Hodge structure. To explain 
the B-model further let M be a compact Calabi-Yau manifold. We may define the 
Hochschild cohomology HH*(M) and Hochschild homology HH*{M) of M by [4] 

HH k (M) = ff 9 (A p T 1 '°M) 

q+p=k 

HH k {M) = H q (A p,a T*M). 

q-p=k 

Observe that HH*(M) is a graded ring and HH^(M) is a graded module for 
HH*(M). Since M is a Calabi-Yau manifold there is a holomorphic volume form 
f2 which induces an isomorphism ft : HH k (M) ~ HH n -) c (M). We can think of 
either HH*(M) or HH*(M) as the space of states in the topological .B-model 
|22| and the correlation functions are essentially given by the module structure 
HW(M) ® HH k (M) -> HH ]+k (M). The special case 

ff^T^M) ® H q (AP'°T*M) -> H q+1 {A p - lfi T*M) 

describes infinitesimal variation of Hodge structure. 

Kapustin and Li |16) show how a generalized Calabi-Yau manifold gives rise to 
a topological field theory generalizing the A and B models. The ring HH*{M) 
is now given by Lie algebroid cohomology H*(L), where L is the Lie algebroid 
associated to the generalized complex structure and HH*(M) is now given by the 
9-cohomology iE(M). We will see that the case 

HH 2 (M) ® HH k {M) -> HH k+2 (M) 

similarly corresponds to infinitesimal variation of the Hodge structure We 
find therefore that variation of Hodge structure on a generalized Calabi-Yau mani- 
fold is related to the correlation functions in the topological field theory of Kapustin 
and Li. Speculatively we might conjecture that variations of Hodge structure are 
related to a quantum cohomology ring on a mirror generalized Calabi-Yau manifold. 

In order to describe variations of Hodge structure for generalized complex man- 
ifolds we first need to define what we mean by a family of generalized complex 
structures. A simple definition would be to fix a manifold M and closed 3-form 
H and consider a collection J(t) of generalized complex structures that depend 
on a parameter t 6 B. This definition seems overly restrictive since for instance 
we would like to allow for families defined over a punctured disc. Using Courant 
algebroids we find a more natural notion for a family, in fact we find there are two 
possible definitions which essentially correspond to smooth and holomorphic fami- 
lies. Section[5]introduces the notion of families of exact Courant algebroids and this 
is used in Section 13.21 to define smooth families (Definition 13.11) and holomorphic 
families (Definition 13.21) . 

A generalized complex manifold (M, J) gives rise to a complex Lie algebroid L. 
In [T2] it was found that infinitesimal deformations of J are described by H 2 (L), 
degree 2 Lie algebroid cohomology of L. We call the class of such a deformation 
the generalized Kodaira- Spencer class. In Section 13.31 we reinterpret generalized 
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Kodaira-Spencer classes in terms of our definition of smooth families. 

Section @] represents the core of the paper. Here we consider how the Hodge de- 
composition (jl.ip varies in smooth and holomorphic families of compact generalized 
complex manifolds. Proposition 14.21 shows that the existence of a Hodge decompo- 
sition is preserved under all sufficiently small deformations. For a family X — > B of 
generalized complex structures, we find that the twisted cohomology of the fibers 
determines a vector bundle with flat connection, an analogue of the Gauss-Manin 
connection (Section 12.31) . If a fiber Mq = 7r _1 (0) satisfies a Hodge decomposition 
(|l.ip then by Proposition ^. 2\ so do all sufficiently close fibers and the <9-cohomology 
groups H^(M t ) define smooth subbundles of the bundle of twisted cohomology. As 
with variations of Hodge structures in complex geometry it is easier to work with 
the associated Hodge filtrations, which take the form: 

F p H{M t ) = • • • © Hf\M t ) © Hf 2 (M t ) © H p (M t ). 

Using these filtrations we may define periods maps (over a simply connected subset 
of the base) : 

V : B -> Grass(/P,iJf+"+ T (Af ,i/o)c), 
where f p = dimcF p H(M t ), Mq is 2n-dimensional, r is the parity (Section 13. ip 
and Grass(r, V) is the Grassmannian of complex r-dimensional subspaces of V. 
Proposition shows that an analogue of Griffiths transversality holds: if V is the 
fiat connection on the bundle of twisted cohomology groups and e a vector field on 
the base, then V e {F p H(M t )) C F p+2 H{M t ). The induced map 

F p H(M t )/F p - 2 H(M t ) -> F p+2 H(M t )/F p H(M t ) 

is shown to be the map H^(M t ) — > H^ +2 (M t ) given by the Clifford action of the 
generalized Kodaira-Spencer class corresponding to the deformation in the direc- 
tion e. In Proposition 14.71 we use this to show that for holomorphic families of 
generalized complex manifolds the period maps are holomorphic. 

In Section [5) we consider the Hodge decomposition and variations of Hodge 
structure in some special cases. For a symplectic manifold (M,w), the existence of 
the Hodge decomposition is equivalent to the strong Lefschetz property. Section 
15.11 studies this case and we show that the Hodge decomposition is completely de- 
termined by the action of ui on the cohomology of M. At the other extreme we 
consider generalized complex manifolds of complex type in Section 15.21 Note that 
this consists of a complex manifold (M, I) together with a real closed 3-form H 
of type (1, 2) + (2, 1). The Hodge decomposition is not the usual one for complex 
manifold, but rather a twisted version which incorporates H. We recall that there 
is a natural filtration {iy j } on twisted cohomology induced differential form degree. 
We show in Proposition 15.21 that if the Hodge decomposition (|l.ip holds, then the 
Hodge structure together with the filtration {W 1 } forms a mixed Hodge structure. 
This means that the Hodge decomposition induces Hodge decompositions on the 
quotients W j /W j+1 . In the case H = we have /W j+1 = W(M, C) and we re- 
cover the usual Hodge decomposition for M. In Section [531 we consider the case of 
generalized Calabi-Yau manifolds. For a compact generalized Calabi-Yau manifold 
which satisfies the <9<9-lemma a result of Goto [8] shows that all infinitesimal defor- 
mations are unobstructed and there is a smooth local moduli space M of generalized 



4 



DAVID BARAGLIA 



Calabi-Yau structures. As an application of the results on variation of Hodge struc- 
ture, we show in Proposition 15 .41 that the period map V~ n : M — > ¥(H T (M, H)c) 
which sends a pure spinor p to span of the twisted cohomology class [p] is an im- 
mersion. Here Ai is a cover of M. taken so that the period map is single- valued. 

Finally in Section [5] we consider how the Hodge decomposition behaves for fam- 
ilies of generalized Kahler manifolds. A generalized Kahler manifold M has two 
commuting generalized complex structures J\ , J 2 and the dd- lemma holds for both 
[13], so there are two decompositions {H^ (M)}, (M)} in twisted cohomology. 
Moreover, the two decompositions are compatible in that there is a decomposition 

H* (M, H) ® C = Hf k (M) . 

j,k + 

Here 5+ is a certain differential on the space of forms on M defined in Section [67T1 and 
as subspaces of H* (M, H) ®C we have Hf k {M) = Hi (M)nff| (M). Thewaythis 
decomposition can vary in families X — > B of generalized Kahler manifolds is essen- 
tially controlled by the generalized Kodaira spencer classes pi : TB — > H 2 (Li) for 
i = 1, 2 representing deformations of J\, J 2 . The requirement that J%, J 2 commute 
however imposes compatibility conditions on p\ , P2 which we determine in Proposi- 
tion !6.3l On a generalized Kahler manifold there are decompositions L\ = Lf®L^, 
L2 = Lf for certain complex Lie algebroids Lf . In Section [6721 we show how 

such decompositions give the differential complexes (A*L 1 ,dx, 1 ), (A* Li2,dL 2 ) the 
structure of bigraded differential complexes. In particular there exists natural maps 
i/ 2 (Li) H 2 (Lf), H 2 (L 2 ) -)• H 2 {L+) and H 2 {L 2 ) -> i? 2 (If)- The compatibil- 
ity conditions on pi, p 2 are that they coincide under the maps to H 2 (L^) and they 
are related by conjugation under the maps H 2 (Li) — > H 2 (L^), H 2 (L 2 ) — > H 2 (Li). 
In Section f6.4l we interpret these conditions in terms of variation of Hodge structure 
on generalized Kahler manifolds. 

2. Smooth families in generalized geometry 

2.1. Courant algebroids and generalized geometry. One may define various 
geometric structures on a smooth manifold in terms of structure on the tangent bun- 
dle. Generalized geometry works similarly except the tangent bundle is replaced 
with an exact Courant algebroid. In this section we review Courant algebroids and 
develop a suitable notion of smooth families in generalized geometry. 

Courant algebroids were introduced in [18] as a generalization of the bracket 
used by Courant [6] in the context of Hamiltonian systems. Courant algebroids 
can be defined in terms of a skew-symmetric bracket, the Courant bracket, or as we 
prefer a bracket which is rarely skew-symmetric called the Dorfman bracket. We 
follow |23] in defining Courant algebroids in terms of Dorfman brackets. 

Definition 2.1. A Courant algebroid on a smooth manifold M consists of a vector 
bundle E -> M, K-bilinear bracket [ , ] : T(E) (g) T(E) -> T(E) called the Dorfman 
bracket, non-degenerate bilinear form ( , } and a bundle map p : E — > TM called 
the anchor such that for all a,b,c € T(E) and / 6 C°°(M), we have 

(CI) [a,[b,c]} = [[a,b],c] + [b,[a,c]}, 
(C2) p[a,b] = [ P (a), P {b)], 
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(C3) [a,fb]=p(a)(f)b + f[a,b], 

(C4) [a,b] + [6, a] = d(a,b), 

(C5) p(a){b,c) = {[a,b],c) + {b,[a,c]), 

where [p(a),p(b)] is the Lie bracket of vector fields and d is the operator d : 
C°°(M) T(E) defined by (df,a) = \p{a){f). 

A Courant algebroid E — > M is ezaci if the sequence 

s- T*M E — ^ TM 

is exact. Here p* is the transpose T*M — > E* of p followed by the identification of 
E and £7* using the pairing. 

Let E be an exact Courant algebroid. A section s : TM — )• E of the anchor will 
be called an isotropic splitting if s(TM) is isotropic with respect to the pairing on 
E. It is clear that isotropic splittings exist for any exact Courant algebroid E and 
that on choosing such a splitting we get an isomorphism E = TM ®T*M such that 
the pairing ( , ) is given by 

(X + ^Y + r ] ) = ^(Y)+ V (X)) 

and the operator d : C°°(M) — >■ T(E) sends a function / to the image of df under 
the inclusion T*M -t E. 

Exact Courant algebroids over a manifold M are classified by third degree coho- 
mology with real coefficients, H 3 (M, R). Indeed given an exact Courant algebroid E 
and a choice of isotropic splitting there is a closed 3-form H such that the Dorfman 
bracket on E is given by |25j 

(2.1) [X + £, Y + rj\ H = [X, Y] + £ xV - i Y d£ + i x i Y H. 

A change in isotropic splitting for E changes H by an exact term but the coho- 
mology class [H] £ H 2 (M,M.), called the Severa class of E is independent of the 
splitting. Conversely, for any closed 3-form H the ii-twisted Dorfman bracket given 
in (|2.1[) defines an exact Courant algebroid. Given two closed 3-forms H, H' the as- 
sociated exact Courant algebroids are isomorphic if and only if H and H' represent 
the same class in H 3 (M, R). Thus exact Courant algebroids on M are classified by 
H 3 (M,R). This classification is due to Severa [24]. 

If B is a 2-form on M we let B act on E = TM ®T*M according to B(X +£) = 
ixB. We also let e B denote the exponentiated action e B (X + £) = X + £ + ixB. 
Such a transformation is called a £>-shift. For any 2-form B we note that e B 
preserves the pairing ( , ) and the anchor in the sense that po e B = p. If B is closed 
then we also see that e B preserves the £f-twisted Dorfman bracket for any closed 
H. More generally for any B we have an identity e B [a,b]H = [e B a, e B b]u+dB- 

2.2. Families of exact Courant algebroids. Generalized geometry can be de- 
scribed as the study of geometric structures on exact Courant algebroids. Given a 
geometric structure it is natural to consider its deformations. We have found that 
the notion of a family of exact Courant algebroids gives a suitable framework in 
which to study deformation problems in generalized geometry. 
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Definition 2.2. Let tt : M — > B be a locally trivial fiber bundle and V = Kcr(7r») C 
TM the vertical bundle. A Courant algebroid E — > M on is called a family of exact 
Courant algebroids over £? if the anchor p : E — > TM factors through a map E — > V 
and the induced sequence 

0->V* ->E-*V -*0 

is exact. 

We now explain how a family of exact Courant algebroids E — > M as defined 
above gives rise to an exact Courant algebroid on each fiber. Let b £ B and 
Mb = 7r _1 (6) be the fiber of tt over b. Let i : Mb — >• M be the inclusion. The 
restriction to M& of the vertical bundle of of tt is canonically isomorphic to the 
tangent bundle of Mb, so we have an exact sequence 

-> T*Mf, -> E|m 6 TM b -> 0. 

Let a, b be sections of E\M b over Mf,. We can find smooth extensions a,b of a, b 
to sections of E over M. Now we define a Dorfman bracket [, ]E\ Mb by setting 

[a, &]_e| M (, = ([^' &]-e)|m,,- To show that this is independent of the choice of smooth 
extensions we need only show that if r, s are sections of E and s vanishes on Mb then 
so do [r, s]b and [s, r]_g. First note that since [r, s]# + [s, t]e = P*d{r, s), it suffices 
to show that [t,s]e vanishes on Mb. We see that p([t,s]e) = [p( r ), p( s )] and we 
know that p(r),p(s) are vertical vector fields and p(s) vanishes on Mb, so [p(r),p(s)} 
also vanishes on Mf,. Given any vertical vector field W let W be a lift of W to a 
smooth section of E. It now suffices to show that {W , [r, s]e) vanishes on Mb for all 
such W . But we have (W, [r, s]e) = p(r)(W, s) — ([r, W], s) and the claim follows. 

We note that the bundle E\M b has in addition to the inherited bracket [ , ]e\ Mi> a 
natural anchor map E\M b — > TMb and pairing ( , ) both defined by restriction from 
E. It is straightforward now to see that this structure makes E\M b into an exact 
Courant algebroid on Mb- 

Next we show that an exact Courant algebroid F — > M on M gives rise to a 
family of exact Courant algebroids over B in a natural way. We have subbundles 
A 1 - C A C F defined as follows. A is the kernel of the composition F A TM ^4 
tt*(TB) and A 1 - is the annihilator of A. We note that A, A 1 - are subbundles of F 
since 7r* has constant rank and that A 1 - C A, indeed it is straightforward to see that 
A 1 - can be identified with the image of tt*(T*B) under the inclusion p* : T*M — > F. 

Proposition 2.3. The space T(A) of sections of A is a subalgebra ofT(F) and the 
sections Y{A- L ) of A 1 - is a two-sided ideal in T(A). The quotient bundle E = A/A 1 - 
with the induced bracket on T(A/A^) is a family of exact Courant algebroids on M . 
If F has Severa class H £ H 3 (M, R) then the exact Courant algebroid on the fiber 
M b = 7r _1 (&) induced by E has Severa class H\ Mb £ H 3 (M b ,R). 

Proof. Let a,b £ T(A), so p(a),p(b) are vertical vector fields. Thus p([a, = 
[p(a),p(b)} is also vertical and [a, o]f £ F(A). Suppose now that a £ T(A) and 
b £ T(A ± ). We must show that [a, o]e and [b, o\f take values in A- 1 . Note however 
that [a, b]p + [b, <i]f = p*d(a, b) = 0. so it suffices to consider just [a, b]p. We have 
p([a, 6]ir) = [p(a),p(b)} = since p(b) = 0. Thus [a, &]_f is a 1-form. Let IT be a 
vertical vector field and W 1 a lift to a section of F (in particular IT' is a section 
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of A). It suffices to show that for all such W 7 W we have (W, [a, = 0. Now 
(W, [a, b] F ) =p(a)(W, b) - ([a, W'] F , b) = P (a)(b(W)) - b([p(a), p(W)]) = 0, since 
b is in the annihilator of A. 

We have shown that the bundle E = A /A 1 - has a natural bracket on its space 
of sections. In addition the restriction to A of the pairing ( , ) on F descends to a 
non-degenerate pairing on A/A . Similarly the anchor map p : F — > TM restricts 
to a map A — > V which then descends to a map A /A 1 - — »■ V. It is straightforward 
to see that all of the induced structure makes E into a Courant algebroid. We also 
see that the sequence ^ V* — > E ^ V — > is exact, so E is a family of exact 
Courant algebroids over B. 

Let b G B and 7r _1 (6) = Mb the fiber over b. To determine the Severa class of 
E\nj b let us first choose an isotropic splitting s : TM — !• F for F. Then there is a 
closed 3- form H G fi 3 (M) such that for all vector fields 1,7 onM we have 

(2.2) [sX, sY] F - s[X, Y] = i Y i x H. 

The cohomology class of H in H 3 (M, K) is the Severa class of F. Observe that the 
restriction s|y of s to the vertical tangent bundle maps into A and by factoring 
out A 1 - we get an induced isotropic splitting s : V — > A /A- 1 . If X, Y are vertical 
vector fields, equation (|2.2j) becomes 

[si, - s[X, y] = i Y i X H mod(A- L ). 

Restricting to the fiber we immediately see that the Severa class of B|m 6 is just 

The family of exact Courant algebroids E = A /A 1 - obtained from F will be 
called the fiberwise reduction of F. This reduction procedure is related to the re- 
duction of Courant algebroids in [3] (in particular to Lemma 3.7). 

We now turn to the problem of finding a general classification for families of exact 
Courant algebroids. In fact, the classification follows almost immediately from the 
classification of AV-Courant algebroids. j4y-Courant algebroids, defined in p], are 
a kind of generalization of exact Courant algebroids involving a Lie algebroid A and 
an A- module V , where we use a prime to avoid a clash in notation. If we take A to 
be the Lie algebroid of the vertical tangent bundle A = V = Ker(7r*) and V' = K 
the trivial line bundle then an vW-Courant algebroid is precisely what we call a 
family of exact Courant algebroids over B. It follows from [1] that isomorphism 
classes of families of exact Courant algebroids are classified by H 3 (V,R), degree 3 
Lie algebroid cohomology for V with values in M. 

Let d v : T(A k V*) -> T(A k+1 V*) be the Lie algebroid differential for V (with val- 
ues in the trivial module R). This defines a differential graded complex (T(A k V*), d v ) 
and by definition the Lie algebroid cohomology H k (V, M.) is the degree k cohomology 
of this complex. Let h G H 3 (V, M.) . An explicit representative for the corresponding 
family of exact Courant algebroids is obtained as follows. First choose a represen- 
tative H G T(A 3 y*) for h, so in particular H is d y -closed. Now let E = V V* 
and define a Dorfman bracket [, \jj by 

[X + e, Y + r)] H = [X, Y] + Cxv - ivd v t + i Y i x B. 
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In the above equation Cx denotes the Lie derivative in the sense of Lie algebroids, 
thus Cx?] = ixd v rj + d v ixrj- Observe that E has a natural non-degenerate bilin- 
ear form given by pairing V and V* and a natural anchor map E — ¥ V which is 
just the projection to V . It is straightforward to see that this structure makes E 
into a family of exact Courant algebroids. From [1] we know that every family of 
exact Courant algebroids is isomorphic to one of this form for some unique class 
h G H 3 (V, R). In analogy with the case of exact Courant algebroids we call the 
class h £ H 3 (V, R) the Severa class of E. 

Recall that an exact Courant algebroid F on M gives rise to a family E = A/A 1 - 
of exact Courant algebroids over B. Suppose that F has Severa class h g H (M, R). 
The inclusion V — > TM is a morphism of Lie algebroids and so defines a natural 
restriction map H 3 (M, R) — > H 3 (V,M.). It is almost immediate that the Severa 
class of the family E is just the image of h in H 3 (V,R). 

In general the map H 3 (M, R) — > H 3 (V,R) is neither injective nor surjective 
so we would like to clarify the relation between these two groups. For simplicity 
we will assume the fibers of M are compact. Choose a splitting for the short 
exact sequence — > V — > TM — > tt*(TB) 0. We then have an isomorphism 
TM ~ -k*(TB) © V. There is an induced bi-grading on differential forms where 
the bundle of degree (p, ^-forms, denoted A p ' q T*M is defined to be A p ir*(T*B) (g) 
A q V*. Similarly let fF'«(M) denote the sections of A p ' q T*M. Next introduce a 
filtration F k A™ T*M = ® p > k A p > n ~ p T*M and F k Vt n {M) = ® p > k ft p ' n - p (M). We 
note that dF k Vl n (M) C F k £l n+1 (M), so there is a corresponding spectral sequence 
converging to the cohomology of M. The E\ term of this spectral sequence is 
obtained by taking cohomology in the vertical direction. More precisely observe 
that A p tt*(TB) is naturally a module for the Lie algebroid V. Indeed we let a 
vertical vector field W act on w £ tt p '°(X) by defining W(u>) = iwduj. Note that 
since i\yu = this coincides with the Lie derivative of w along W, so if W\,W2 are 
vertical vector fields then 

W 1 (W 2 (cj)) ~ W 2 (W 1 {u)) = C W2 C Wl (io) - C Wl C W2 {u:) = £ [Wl ,w 2 ]U = [Wi,W 2 ]w 

as required. The graded differential complex for V with values in £l p,0 (M) is just 
the complex 

,V iV <v 

where d v is the vertical projection of the exterior derivative. It follows that the 
i?i-stage of the spectral sequence is given by 

E p ' q = H q (V,A p '°T*M). 

The natural map H q (M,M.) -)■ H q (V,R) is the composition H q (M,R) -> E^ q -> 
E® ,q = H q (V, R). We remark that the ^2-stage of this spectral sequence is just 
the Serre spectral sequence for the fibration ir : M — > B [TT], namely E p ' q = 
H p (B,R q TT^M). To explain the relation between the Ei and E 2 stages we need to 
observe that H q (V,A p ^°T*M) is isomorphic to 9P(B, i?«7r*R), that is the space of 
p-forms on the base with values in the flat vector bundle i? 9 7r*R. The main step is 
to show that if ui is an (0,q)-form on M which is enclosed and its restriction to 
each fiber is exact, then there is an (0, q — I)-form a such that u> = d a. This can 
be achieved by first using a partition of unity on the base to localize the problem 
and then using standard Hodge theory techniques. 
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Applying this in particular to degree 3 cohomology we have that H 3 (V,M.) is 
isomorphic to the smooth sections of the flat bundle i? 3 7r*R. On the other hand 
the restriction of a class in H 3 (M,R) to H 3 (V, R) maps into the space of con- 
stant sections of i? 3 7r*R. In general not every constant section of -R 3 7r*R comes 
from a class in H 3 (M, R), since there are higher order differentials in the spec- 
tral sequence. However, if we suppose the base B is contractible then H 3 (M, R) 
is precisely the space of constant sections of i? 3 7r*R. Note further in this case 
that i? 3 7r*R is the trivial bundle with fiber isomorphic to H 3 (Mo,M), where Mo 
is a fiber of M. To summarize, when B is contractible we have an isomorphism 
H 3 {V,R) ~ C°°(B) ®H 3 (M a ,R) and i? 3 (M,R) ~ iJ 3 (M ,R), the constant func- 
tions in C°°{B) <g> if 3 (Mo, R). In particular we have shown the following. 

Proposition 2.4. Let tt : M — >• B be a fiber bundle with compact fibers over a 
contractible base and let E — > M be a family of exact Courant algebroids over B. 
Taking Severa classes of the fibers of M defines a map S : B — > H 3 (Mq 1 M), where 
M is a fiber of M . Then E is the fiberwise reduction of an exact Courant algebroid 
on M if and only if S is constant. 

2.3. The twisted Gauss-Manin connection. On a smooth manifold M consider 
the bundle S = A*T*M of forms on M of mixed degree. Sections of S will simply 
be called forms. There is a natural Z2-grading on S, namely S° = A ev T*M is 
the bundle of forms of even degree, S 1 = A odd T*M the odd degree forms and we 
refer to sections of S° / S 1 as even/odd forms. If a is a form of degree k we often 
write (~1) Q in place of (— l) fe . Since this only depends on the mod 2 degree we can 
similarly introduce sign factors (—1)" for any even or odd form. 

Let H be a closed 3-form on M. Associated to H is a twisted differential dn ■ 
T(S l ) -> T(S l+1 ) which is defined by d H (a) =da + HAa. Observe that (d H ) 2 = 0, 
so we have a Z2-graded complex (T(S*), dn)- The cohomology of this complex is 
denoted H*(M,H) and called the twisted cohomology of (M,H). For any 2-form 
B, let e B : S l -> S l be given by 

e B a = a + BAa+^BABAa + ... 

One sees that 4°e B = e B o dn+dB, so that e B descends to an isomorphism 
e B : H*(M,H + dB) — > H*(M,H) of twisted cohomology groups. In particular 
we see that if Hi , H 2 are closed 3-forms representing the same class in de Rham 
cohomology, then the twisted cohomology groups H*(M, H\),H*{M, H 2 ) are iso- 
morphic. Note however that the isomorphism e B : H*{M,H\) — ► H*(M, H 2 ) 
depends on the choice of 2-form such that Hi = H 2 + dB. 

Let tt : M — > B be a fiber bundle and E — > M a smooth family of exact Courant 
algebroids over B. The Severa classes of the fibers determines an element S € 
T(B, ii 3 7r*R), that is a smooth section of the bundle of degree 3 fiber cohomology. 
For b G B let Mb denote the fiber of M over b. In general the dimension of the 
twisted cohomology groups H*(Mb,S(b)) will vary with 6, so that it is not even a 
vector bundle on B. To get smoothly varying twisted cohomology groups we will 
generally assume that the Severa class S is locally constant. Note that when S(b) 
is the Dixmier-Douady class of a gerbe on M& we have that S(b) is integral. In this 
case S is necessarily locally constant. 
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Assuming now that the Severa class is constant wc know that for sufficiently 
small open subsets in the base U C B we have an exact Courant algebroid F — > 
7r _1 ([7) such that E\u is the fiberwise reduction of F. Moreover the Severa class 
H G H 3 (ir~ l (U), K) coincides with S. Although it is not strictly necessary, it will 
simplify matters to assume that E is the fiberwise reduction of a globally defined 
exact Courant algebroid F — > M. Let H £ H 3 (M,R) be the Severa class of F. We 
have a Z2-graded presheaf on B which assigns to an open subset U C B the group 
i?*(7r _1 ([/), l^-i^)). Let TL* denote the sheaf associated to this presheaf. 

Proposition 2.5. Let B be connected. The sheaf TL* is a local system with coeffi- 
cient group isomorphic to H*{Mq,H\m ), the twisted cohomology of a fiber Mq of 
M. 

Proof. Consider a contractible subset U C B. The restriction M\jj = 7r _1 ([/) of 
M over U admits a trivialization M\u = U x Mo, where Mq is a fiber of M. Wc 
have that H 3 (M\u,R) = H 3 (M a ,R), so there exists a class H e H 3 (M a , M) such 
that H\ M \u = Ho- We claim that the restriction H*(M\u,H a ) -> H*(M ,H ) 
is an isomorphism. Given this the proposition follows since B is locally con- 
tractible. To see that the restriction H*(M\u,H ) — > H*(M ,H ) is an iso- 
morphism recall first that for any pair (M, H) consisting of a manifold M and 
closed 3-form H on M, there is a spectral sequence for twisted cohomology which 
arises from the filtration F P H(M) — 0fc> p f2 fe (Ajf) on differential forms. We have 
that E% = H*(M,M) (where the grading is the Z 2 -grading by form degree). If 
/ : X — > Y is a smooth map between manifolds X, Y and there are closed 3-forms 
Hx,Hy such that Hx = f*{Hy) then we get an induced morphism between the 
spectral sequences for (Y, Hy) and (X, Hx). At the E^-stage the morphism is just 
the pullback /* : H*(Y,R) ->• H*(X,R). In the case at hand we set X = M , 
Y = U x Mq, Hx = Ho and Hy = H\m\ u - Since we get an isomorphism at the 
i?2-stage the twisted cohomology groups are isomorphic. □ 

Definition 2.6. The vector bundle with flat connection corresponding to TL* will 
be denoted (£P,V) and the flat connection V called the twisted Gauss-Manin 
connection. 

We give here a simple local description of the twisted Gauss-Manin connection. 
Let 7r : M — > B be a locally trivial fiber bundle with compact oriented fibers and 
suppose we are given a section h of i? 3 7r*M, the Severa class of the fibers. For any 
b e B we may choose an open subset U C B containing b such that there is a local 
trivialization 7r _1 ([/) = U x M and a closed 3-form H G fl 3 (U x M ) such that the 
restriction of H to the fiber M u = {u} x Mo is a representative for h(u). Suppose 
s is a differential form on U x Mo such that: 

• s contracted with a vector field on U is trivial, 

• the restriction s|m„ of s to M u is d^-closed. 

Then s determines a local section s of H* by setting s(u) = [s\m u ]- Note also that 
any section of H* over U x Mo can be represented in this manner. Let I be a 
vector field on U and view AT as a vector field on the product U x Mq. We claim 
that the twisted Gauss-Manin connection can be expressed as follows: 

(2.3) (Vxs)W = [(ixd H s)\ Mu }. 

One first shows that (|2.3j) is a well-defined connection for sections of H* over U xMq. 
Next let a be a fixed class in H*(M ,H\m„)- By taking U to be contractible we 
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may assume that the restriction map H*(U x Mq,H) — >• H*(Mq,H\m ) is an iso- 
morphism. Therefore we may choose a (iff-closed form a on U x Mq representing a. 
Under the twisted Gauss-Manin connection u h-> corresponds to the closed 

section which takes the value a at u = 0. On the other hand this agrees with (12.3[) 
since dnd = 0. Therefore (12.31) coincides with the twisted Gauss-Manin connection, 
since they have the same constant sections. 

We introduce a natural pairing on twisted cohomology which is preserved by 
the twisted Gauss-Manin connection. First we define an involution a : A*T*M — > 
A*T*M on the bundle of forms on M by setting a (a) = (— l) fc ( fc_1 )/ 2 a, where a 
has degree k. One sees that for all a and all closed 3-forms H 

a(d H {a(a))) = (-l) a d_ H a. 

In particular a descends to an isomorphism a : H* (M, H) — > H* (M, —H) of twisted 
cohomology groups. 

Suppose that M is n-dimensional. The Mukai pairing is a bilinear pairing ( , ) 
on the bundle of forms on M with values in the determinant bundle A n T*M. It is 
given by the following expression: 

(a,f3) = [aA*(f3)} n , 

where [w] n denotes the degree n part of u). Suppose now M is compact, oriented 
and that if is a closed 3-form. For dy-closed forms a, (3 we define (a, (3) £ 1 as 
follows: 

(a,j3)= f (a,0). 

J M 

We claim that (a, j3) depends only on the twisted cohomology classes of a, (3. Indeed 
this follows since for any forms lo, 7 we have 

(dtf W ,7) = (-l) ? >,d H7 ). 

Alternatively a more cohomological interpretation of ( , ) is as follows. For any two 
closed 3-forms Hi, H2 the wedge product naturally induces maps A : H l (M, Hi) ® 
W(M,H 2 ) -)■ H i+ i (M, Hi + H 2 ). Let [M] denote the fundamental class of M. 
Then if a, /? are c£#-closed and [a] , [(3) the corresponding twisted cohomology classes 
we see that 

[a,l3) = {[a]Aa\f3])[M], 

where we have used the fact that [a] A a [f3] is a class in ordinary cohomology, so it 
can be evaluated on [M] . 

Suppose that tt : M —> B is a fiber bundle with compact oriented fibers and H a 
closed 3-form on M. We have the flat bundle H* with fiber over b € B given by the 
twisted cohomology group H*(Mb,Hb), where = 7r _1 (6) and H^ = H\M b - We 
have just seen that we can define a pairing ( , ) : H*(Mb, Hi,) ® H*(Mb, H^) — > R 
on twisted cohomology. This gives the bundle H* a natural bilinear form Q : 
H* ® H* — > R. It is not hard to see that Q depends smoothly on b £ B, in fact we 
can show something much stronger. 

Proposition 2.7. Let a,b be constant locally defined sections of H* . Then Q(a,b) 
is constant. Therefore Q defines a covariantly constant bilinear form on H* . 
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Proof. We may restrict to a contractible open set U C B in the base. Recall 
that the inclusion of a fiber i : Mb — > 7r _1 (?7) for b G U induces an isomorphism 
in twisted cohomology. The idea now is to define a pairing on H* (tt^ 1 (U), H) 
that coincides with the pairing on H*(Mt,Hb) under i. The difficulty is that 
7r _1 ([/) will not be compact, so we can not define a pairing on H*(w~ 1 (U), H) by 
integrating over 7r _1 (C7). One remedy would be to introduce twisted cohomology 
with compact support, but there is an even simpler alternative. Define a bilinear 
pairing A : H*(n~ 1 (U), H) (g> i?*(7r _1 (f/), H) -> R on H* (tt" 1 ^), H) as follows: 
for a,beH*{-K- x {U),H) we set 

X(a,b) = (aAa(b))[M b \, 

where [Mb] is the fundamental class of the fiber Mb in ff*(7r -1 (l/), R). We observe 
that under the pullback isomorphism i* : H* (n^ 1 (U) , H) -> H*(Mb,Hb), A is 
identified with the pairing ( , ) = Qb- Finally note that that for all b G U the fiber 
Mb above b defines the same homology class [Mb] in i?*(7r _1 (t/), R). Therefore the 
pairing A restricts to Qb for all b G B. This shows that Q is given by a locally 
constant pairing. □ 



3. Families of generalized complex structures 

3.f . Generalized complex geometry. Let E — >• M be a Courant algebroid on 
M (exact or not). A generalized almost complex structure on E is an endomorphism 
J : E — > E such that J 2 = — f and ( Ja, Jb) = (a, b) for all a, b. We may decompose 
E into the ±i-eigenspaces of J: 

£ ® C = L © L, 

where L is the +z-eigenspace and L is the complex conjugate of L, which is then 
the — i-eigenspace. We say that J is integrable if L is closed under the Dorfman 
bracket. An integrable generalized almost complex structure is then called a gen- 
eralized complex structure. Note that i, L are isotropic subspaces and it follows 
that the restriction of the Dorfman bracket gives L, L the structure of complex Lie 
algebroids. 

Suppose that E — > M is the exact Courant algebroid on E with Severa class 
h <G H 3 (M, R) . Given a closed 3-form H representing h we can take E to be 
TM®T*M with the F-twisted Dorfman bracket. Let S be the bundle of differential 
forms. There is a Clifford action of E on S as follows: for X+£ e T(E) and w G 
the Clifford action is given by 

(X + = i x u + £ A w. 

A non-vanishing section p of 5c = S (8> C is called a pure spinor for J if L is the 
annihilator of p, where the annihilator of a form p is the set of a £ £ such that 
ap = 0. Every generalized almost complex structure has a pure spinor locally, but 
not necessarily globally. However such a local pure spinor is unique up to scale, so 
there exists a complex line bundle K C S such that the non-vanishing sections of 
K are precisely the pure spinors for J. We call K the canonical bundle of J. Pure 
spinors have definite parity, so there exists a r G Z 2 which we call the parity of J 
such that K C S T . 
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Since the i eigenspace L is isotropic we have that the exterior algebra A*L* is 
naturally a subalgebra of the Clifford algebra of E. Applying the Clifford action of 
L* to K, we get an isomorphism Sc — A*L* ® K. This correspondence induces a 
Z-grading on S of the form: 

St = U- n 8 U-n+1 © ' • ' © U n -1 © U n , 

where M is 2n-dimensional and Uk is the image of the Clifford action of A k+n L* 
on K. Additionally we have Uk — U-k and the Mukai pairing ( , ) restricted to 
Uj (E) Uk is zero unless j + k = 0, in which case it is non-degenerate. 

We need also an alternative characterization of the induced grading on S. Since 
J 2 = — 1 and J preserves (, }, we find that (Ja,b) + (a,Jb) = 0. Therefore the 
bilinear form (J , ) defines a section of A 2 E* ~ A 2 E using ( , } to identify E and E*. 
There is a natural map from A 2 E to the Clifford algebra of E which sends aAb with 
a, b 6 E to [a, b]/2 = (ab — ba)/2 in the Clifford algebra. Thus J has a natural Clif- 
ford action on S. One can show that Uk is the — ifc-eigenspace of J under this action. 

We define operators d : T{U k ) -> r(£/ fe _i), d : T(U k ) -> T(U k+1 ) as follows. If uj 
is a section of Uk then we may decompose dn^> into components of each degree. By 
definition dui is the projection of dyw to Uk-i and duj is the projection of dnu to 
C/jt+i. As the notation suggests, d and d are conjugate operators. For an arbitrary 
generalized almost complex structure dn will generally have components of degrees 
other than ±1. In fact the identity dn = d + d is equivalent to integrability of J 
[T^] . Now if we assume J is integrable then since d 2 H — we immediately obtain 

the identities d 2 — d = 0, dd + dd = 0. 

3.2. Smooth and holomorphic families. We would like to have a notion of a 
family of generalized complex structures which is compatible with our notion of a 
family of exact Courant algebroids. It turns out that there are two natural ways to 
do this which correspond roughly to smoothly varying and holomorphically varying 
families. 

Definition 3.1. A smooth family of generalized complex structures is a fiber bundle 
7r : M — > B, a family i?->Mof exact Courant algebroids over B and a generalized 
complex structure J on E. 

We have seen that given a family of exact Courant algebroids E — > M, the re- 
striction E\M b of E to a fiber M& = 7r~ 1 (6) naturally inherits an exact Courant 
algebroid structure. It is straightforward to see that if J is a generalized complex 
structure on E then J determines by restriction a generalized complex structure on 
each fiber. 

Let M ,B be smooth manifolds and H E iJ 3 (M ,K). Let M = M x B, 
7r : M — > B the projection to B and V the vertical bundle, which can be identified 
with the tangent bundle of Mo pulled back to X. There is a natural pullback map 
H 3 (Mo, R) — > H 3 (V, R) and so we get a corresponding family of exact Courant alge- 
broids E —} M which has Severa class H on each fiber. As a bundle we can just take 
E to be the pullback of TM ®T*M to M. It is not hard to see that a generalized 
complex structure on E is precisely a bundle endomorphism J : E — > E such that 
the restriction of J to each fiber is a generalized complex structure. In other words 
J is a family of generalized complex structures on Mq, smoothly parametrized by 
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B. Definition 13. II is more general than this since a class in H 3 (V, K) corresponds to 
a smooth H 3 (M , Revalued function H : B i/ 3 (M ,K) on B. This would corre- 
spond to simultaneously deforming the complex structure and Severa class. Locally 
(with respect to the base) every smooth family of generalized complex structures 
has this form. 

Next we introduce a more rigid notion of a family of generalized complex struc- 
ture. Before getting to the definition let us explain the general idea. Let n : M — »• B 
be a fiber bundle. This time we want to consider a family of exact Courant alge- 
broids on M that comes from the fiberwise reduction of an exact Courant algebroid 
F — >• M on M. Let V be the vertical tangent bundle of tt : M — >• B and define 
A, A as in Section 12.21 The corresponding family of exact Courant algebroids 
is E = A/ A- 1 . One way to get a complex structure on Aj A is to start with a 
complex structure on F such that A and A are complex subbundles. If the com- 
plex structure on F respects the pairing ( , ) on F and A is a complex subbundle 
then A 1 - is automatically a complex subbundle as well. Notice that we also get an 
induced complex structure on F/A ~ tt*(TB). It is natural to demand that this 
complex structure comes from a complex structure on B (so that 7r : M — > B is 
in some sense holomorphic). Based on these considerations we make the following 
definition: 

Definition 3.2. A holomorphic family of generalized complex structures is a fiber 
bundle tt : M — > B, an exact Courant algebroid F — > M, a generalized complex 
structure J on F and a complex structure Jb on B such that: 

• the subbundle A = Ker(7r» op:F-> n*(TB)) is J-invariant, 

• the induced complex structure on the bundle F/A ~ Tt*(TB) coincides with 

-7T*(Jfl). 

Note the appearance in the above definition of the complex structure —tt*(Jb) 
rather than 7t*(Jb). This is purely a matter of convention and our choice is moti- 
vated by existing conventions in generalized complex geometry. 

Let 7r : M — > B, F — »• M, J, Jb be a holomorphic family of generalized complex 
structures. As we have already remarked, since J respects the pairing ( , ) on F 
(by definition of a generalized complex structure), we have automatically that A 1 - 
is also J-invariant, so we get an induced generalized almost complex structure J' 
on E = A /A- 1 . In fact since J is integrable it is easy to see that J' is integrable as 
well. Immediately this implies that (E, J') is a smooth family of generalized com- 
plex structures and therefore induces on each fiber a generalized complex structure. 

Let Mq be a smooth manifold and (B, Jb) a complex manifold. Set M = Mg x B 
and 7r = ttb '■ M —tB the projection to B and similarly let ttm be the projection to 
Mq. Let H G H 3 (M ,M.) and lift H to a class on M. Then we get a corresponding 
exact Courant algebroid F -5- M on M, namely F = TM®T*M with the //"-twisted 
Dorfman bracket. Since M is the product M = Mo x B we get an identification 
TM = ir* B (TB) © ir* Ma (TM ) and similarly T*M = tt* Mo (T*M ) © ir* B (T*B). Let 
Em be the bundle over M given by E Mf> = TM © T*M . We can give E Ma the 
structure of an exact Courant algebroid on Mo with //-twisted Dorfman bracket. 
Now write F = Tr B {TB)®ir* Mo (E Mo )®ir B (T* B). Let J Mo : n* Mo (E Mo ) -> n* Mo (E Mo ) 



VARIATION OF HODGE STRUCTURE FOR GENERALIZED COMPLEX MANIFOLDS 15 



be a bundle endomorphism of tt Mq (Em ) such that J\ ifj = — 1 and Jm preserves the 
natural pairing on (Em )- We may then define a generalized almost complex 
structure J on F by 



(3.1) J = 



-7T*(J B ) 

J Mo 

7T*(J|) 



where J B : T*B — > T*B is the transpose of Jb- Now by a straightforward verifica- 
tion we deduce the following: 



Proposition 3.3. The generalized almost complex structure J in Equation H3.1\) 
is integrable if and only if the following conditions hold: 

• the restriction of Jm to each fiber of ir is integrable as a generalized almost 
complex structure on Em , 

• J M depends holomorphically on B. 



Proposition l3.3l shows that our definition (|3.2I) is able to capture the simple notion 
of a family of generalized complex structures on M$ which vary holomorphically. 

3.3. Generalized Kodaira-Spencer classes. We recall that infinitesimal defor- 
mations of generalized complex structure are classified by a class in Lie algebroid 
cohomology which generalizes the Kodaira-Spencer class for families of complex 
manifolds. We will then show an alternative interpretation for this generalized 
Kodaira-Spencer class that emerges naturally from the point of view of smooth or 
holomorphic families. 



Let (M, H, J) be a generalized complex manifold. As usual, let L be the +i- 
eigenbundle of the complexified generalized tangent bundle Ec = (TM®T*M)®C, 
so Ec = L © L. Suppose J' is another generalized almost complex structure and let 
L' be the -M-eigenbundle of J'. For any such J' sufficiently close to J pointwise, 
we have that L' can be written as a graph of a map e : L — > L: 

(3.2) L' = {X + eX\X E L}. 

Recall that L, L are isotropic subspaces of E and that the pairing on E identifies 
L with L*. We can therefore think of e as a section of L* (g> L* . We find that L' 
is isotropic if and only if e £ T(M, A 2 L*). Conversely all sufficiently small such e 
determine a generalized almost complex structure by (|3.2j) . The generalized almost 
complex structure J' corresponding to e is integrable if and only if e satisfies a 
Maurer-Cartan equation [12] 

(3.3) d L e+i[e,e] = 0, 

where is the Lie algebroid differential and [ , ] is the Schouten bracket [,] : 
r(M, A j L*) <g> T(M, A k L*) -4 T(M, A J ' +fc_1 £*) induced by the Lie algebroid struc- 
ture on L*. Now if we vary J in a smooth family { J(b)}b^B with J(0) = J, we get 
(for sufficiently small deformations) a corresponding smooth family e(b) of solutions 
to the Maurer-Cartan equation, with e(0) = 0. Given a tangent vector T S TqB, 
let tT = T(e) be the derivative of e at in the direction T. We find that equation 
(I3.3[) linearizes to di(er) = 0, so er defines a class [ex] 6 H 2 (L) in Lie algebroid 
cohomology. This gives a map p : TqB — > H 2 (L), which we call the generalized 
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Kodaira- Spencer class. When M is compact it is possible to show that automor- 
phisms of the i?-twisted Courant bracket on TM © T*M generated by the adjoint 
action of vector fields and 1-forms give rise to deformations of J with trivial gener- 
alized Kodaira-Spencer class. The generalized Kodaira-Spencer class is therefore a 
measure of non-trivial deformations. 

We now consider an interpretation of generalized Kodaira-Spencer classes from 
the point of view of smooth families of generalized complex families. Let tt : M — > B 
be a fiber bundle with fiber Mq and E — > M a smooth family of exact Courant 
algebroids on M. We will also assume that E is the fiberwise reduction of an exact 
Courant algebroid F — > M on M. The idea is that vector fields on M can in some 
sense be used to generate non-trivial derivations of the Courant algebroid E. First, 
let us define what we mean by a derivation. 

Definition 3.4. Let (E, [,],(,}, p) be a Courant algebroid on a manifold M. A 
derivation of E is a linear map D : T(E) — > T(E) on the sections of E such that 
there exists a vector field V on M so that the pair (D, V) satisfies the following 
identities: 

(Dl) D{fx) = V{f)x + fDx, 

(D2) D[x,y] = [Dx,y} + [x,Dy], 

(D3) V(x,y) = (Dx,y) + (x,Dy), 
for all x,y G T(E) and functions /. 

Remark 3.5. The vector field V is uniquely determined by the derivation D. Axiom 
(Dl) states that D is a covariant differential operator [19]. Also from the definition 
it follows that for all x £ F(E) we have p(Dx) = [V, p(x)]. 

We observe that for any Courant algebroid E and any section x of E we get an 
induced derivation ad x : F(i?) — > T(E) defined by ad x (y) = [x, y]. Such a derivation 
may be called an inner derivation. More interesting are derivations which are not 
inner. We now show how a Courant algebroid which is a fiberwise reduction admits 
many derivations that are not inner. Let n : M — > B be a locally trivial fiber 
bundle, F an exact Courant algebroid on M and E the fiberwise reduction of F. 
For definiteness let F — TM © T*M with the H- twisted Dorfman bracket, for a 
closed 3-form H € fi 3 (M). Let Z be a vector field on B. Choose a vector field 
Z on M such that for all x G M we have tt^(Z(x)) = Z(ir(x)). We claim that 
the inner derivation ad^ of F induces a derivation on E which is not inner, except 
when Z = 0. 

Let A be the subbundle of F which is the kernel of 7r* o p : F — > n*(TB). 
It is clear that ad% sends T(A) to T(A) since for any vertical vector field V we 
have that [Z, V] is also vertical. Let A 1 - be as usual the annihilator of A in F. 
We find that ad^ sends T(A ± ) to T(A ± ). In fact this follows from the fact that 
ad^ preserves T(A) and property (D3) for derivations. Thus ad^ induces a map 
D : T(A/A^) T(A/A r ). Now recall that E = A/ A 1 - is Courant algebroid, the 
fiberwise reduction of F. It is straightforward to see that D is a derivation of E. 
Moreover D can not be inner unless Z = 0. We note that D depends of both the 
choice of lift Z of Z and the choice of isotropic splitting for T*M — > F — > TM. 
However for a given vector field Z on the base B, one sees that the different choices 
give rise to derivations of E which differ by an inner derivation. Any derivation D 
associated to a vector field Z on B in this manner will be called a lift of Z to a 
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derivation of E. 

Let J be a generalized complex structure on E. Let L be the +i-eigenspace of 
J on E c — E ® C so that E c — L (S L. Let Z be a vector field on B and D a lift 
of Z to a derivation of i£ as previously described. Consider now the following map 
e : T(L) x T(L) C°°(M) given as follows: 

(3.4) e(a,b) = (Da,b), 

where a, b are sections of L. Since L is isotropic it follows that e is C°°(M)-linear 
in a, b. Moreover e is skew-symmetric by (D3), so we may view e as a section of 
A 2 L*. 

Proposition 3.6. The class e G A 2 L* is closed under the Lie algebroid differential. 
Moreover the cohomology class [e] G H 2 (L) depends only on the vector field Z, not 
the choice of derivation D lifting Z. 

Proof. Let a, b, c G T{L). Then 

(d L e)(a, b, c) =p(a)(Db, c) - p{b){Da, c) + p(c)(Da, b) 

- (D[a,b],c) + (D[a,c],b) - (D[b,c],a) 

=p(a) {Db, c) + p(b) (Dc, a) + p{c) {Da, b) 

+ (Dc, [a, b]} + (Db, [c, a]) + {Da, [b, c]) 

= ([a,Db],c) + ([b,Dc],a)+ p(c)(Da,b) + (Da, [b,c]}. 

Now since [a,Db] + [Db,a] = 2(a,Db), we find that ([a,Db],c) + p(c)(a,Db) = 
— ([Db, a], c). Substituting we obtain 

(d L e)(a, b, c) = -([Db, a],c) + ([b, Dc],a) + (Da, [b, c]) 

= (a, [Db, c]> + (a, [b, Dc}) + (Da, [b, c]) 

= (a,D[b,c]) + (Da, [b,c]} 

= 0, 

so d^e = as claimed. 

To show that the cohomology class of e depends only on Z recall that any two 
derivations of E associated to Z differ by an inner derivation. Thus it suffices to 
show that for any section xoiE the element 5 G L(A 2 L*) given by 5(a, b) = ([x, a] , b) 
is exact. Write x = c + c where c G T(L). We can think of c as a section of L* ~ L. 
We then find 

(d L c)(a,b) = p(a)(c,b) - p(b)(c,a) - (c, [a,b]) 

= ([a,c],b) + (c, [a,b]) - (b, [a,c] + [c,a]} - (c, [a,b]) 

= ~(b, [c,a]) 

= -([c + c, a],b) 

= S(a,b), 

which shows that 5 is exact. □ 

We have shown that there exists a natural map n : T(TB) — > H 2 (L) which sends 
a vector field Z on B to the corresponding Lie algebroid cohomology class. We 
would like to interpret k as describing the infinitesimal deformations of a family of 
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generalized complex structures. Note that if C/ C B is an open subset of B then we 
can restrict the Courant algebroid E and generalized complex structure on E to the 
open set 7r _1 (Z7) of M. In this way H 2 (L) becomes a presheaf on B and the map 
K is a presheaf map. In Section 12.21 we explained how it is possible to restrict the 
Courant algebroid E to any fiber of M, The same reasoning applies to L and also 
applies at the level of Lie algebroid cohomology as we now explain. Let b G B and 
let Mf, = 7r _1 (6) be the fiber over b. We let Lb denote the Lie algebroid obtained 
by restricting L to M&. Thus Lf, = L\M b as a vector bundle and the Lie algebroid 
bracket is defined by [a, = ([a, &]i)|M b , where a, b are smooth extensions of a, b 
to sections of L. In a similar manner one sees that the Lie agebroid differential for 
L, Lb are related as follows: 

(d Lb uj)(a , . . -,a k+1 ) = (d L Q)(a , . . . , a£ +1 )\ Mb , 

where uj G T(A k Ll), clq, . . . , <ifc+i G r(L(,) and Q, Oo, • • • , dk+x are smooth exten- 
sions. It follows that for any b G B there is a natural restriction map H 2 (L) — > 
H 2 (L b ). 

Proposition 3.7. Let Z be a vector field on B. For any b G B let Kb(Z) denote 
the image of n(Z) in H 2 (Lb). Then Kb{Z) only depends on the value of Z at b. 
Moreover, if we choose a local trivialization 7r _1 (J7) = U x Mb for a neighborhood 
U ofbso that the generalized complex structure on E can be viewed as a generalized 
complex structure on Mb that varies smoothly with U , then Hb(Z) is the generalized 
Kodaira- Spencer class for the deformation of generalized complex structure on Mb 
in the direction Zb G TbU . 

Proof. Choose a local trivialization 7r _1 (£/) = U x Mb as in the statement of the 
proposition. By restriction we may assume U is contractible so that H 3 (U x 
M b ,R) = H 3 (M b ,R). It follows that there exists a closed 3-form H on M b so 
that the restriction of F to U x M b is isomorphic to TU (BTM b (BT*M b ®T*U with 
H- twisted Courant bracket. The Courant algebroid E is obtained from F by first 
restricting to sections of TMb © T*Mb ®T*U and then factoring out by sections 
of T*U. In particular E is isomorphic to the bundle TM b © T*M b pulled back to 
U x Mb- Let Z be a vector field on M which is a vector field on U by restriction. 
Then a derivation D : T(E) — > T(E) of E associated to Z is given by 

D{X + i)=C z {X + £), 

where X + £ is a section of E thought of as a vector field and 1-form on U x Mb. 
Let a, b be sections of Lb- Choose smooth extensions a, b of a,b to sections of L 
over U x Mb. Then we find that Kb(Z) is represented by e(a,b) where 

e(a,b) = (C z {d),b}\ Mb - 

For each u G U we can think of L u as a subbundlc of TMb © T*Mb- By suitably 
restricting U we can then write each L u as a graph over Lb for some X u G r(A 2 L£), 
that is L u = {X + X U X\X G Lb}. In particular this allows us to choose the 
extensions a, b as follows a(u,m) — a(m) + X u a(m), b(u,m) — b(m) + X u b(m), 
where u G U and m G Mj,. Noting that A& = we arrive at 

e(a,b)(m) = (C z (X u )\ u= b a(m), b(m)). 

Note that the cohomology class of LzX\ u =b in H 2 (Lb) is precisely the generalized 
Kodaira-Spencer class for the deformation of generalized complex structure in the 
direction Zb which clearly only depends on the value of Z at b. □ 
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So far we have assumed that E is the fiberwise reduction of an exact Courant 
algebroid F on X . Now we will assume that (E,J) is a holomorphic family of 
generalized complex structures. Thus there is a generalized complex structure J' 
on F which induces J on E, as in Definition 13.21 

Proposition 3.8. For a holomorphic family of generalized complex structures the 
Kodaira- Spencer map k : TB — > H 2 {L) is complex linear in the sense that 

(3.5) k{IX) = in{X), 

where I is the complex structure on B and X is a vector field on B. 

Proof. We may assume F = TM @T*M with H- twisted Courant bracket for some 
closed 3- form H on X . Let L' C F be the +i-eigenspace of J'. Let X be a vector 
field on B, X a horizontal lift to X. Then under the given choice of splitting 
for F we can think of I as a section of F and thus we get a derivation of E 
given by De — [X, e]. We then have that k(X) is represented by the element of 
r(A 2 L*) given by a, b i— > (Da,b). Now observe that since we have a holomorphic 
family it follows that —J'X is a section of F which lifts IX. Thus k{IX) is 
represented by {-[J'X, a], b). Let X = X 1 ' + X ' 1 , where X 1 ' is a section of 
L' and X ' 1 is a section of 77. Then — J'X = -iX 1 ' + iX ' 1 and it follows that 
(—[J'X,a],b) = i{[X,a],b) since ([X l >°,a],b) = using integrability of J'. The 
identity Q3.5P immediately follows. □ 

4. VARIATION OF HODGE STRUCTURE 

4.1. Hodge structures on generalized complex manifolds. Let E — > M be 

an exact Courant algebroid on M, where M is 2n-dimensional and J a generalized 
complex structure on E. Suppose E has Severa class represented by a closed 3-form 
H , so we can identify E with TM © T*M equipped with the iJ-twisted Dorfman 
bracket. The generalized complex structure J induces a decomposition of forms 
S = U- n (B U-n+i © • ■ ■ © U n -i © U n such that the twisted differential decomposes 
as dn = d + d, where d has degree —1 and d has degree +1. Since d = 0, we have 
corresponding cohomology groups, denoted H^(M). 

Since S only has a single grading rather than a bi-grading it may seem at first 
there is no spectral sequence relating cohomology of d and du- There is a simple 
way to get around this fact however. We set W p ' q = T(U p - q ). Let S : W p > q -)• 
W p+1 ' q be given by ~B and let 5' : W p ' q ->• W p ' q+1 be given by d. Then it is 
clear that (W*'* ,6,6') defines a bi-graded complex. Consider the associated singly 
graded complex (W*,D), where W k = ® p+q= kW*'* and D = 6 + 6'. One finds 
that W k = © r=fc (mod2)£4 = S k+n+T and D = d H . The cohomology H k (W*) is 
therefore the twisted cohomology group H k+n+T (M, H) © C. The shift in degrees 
is due to the fact that {/_„ = K has parity r. If we filter W p,q by p-degree we get 
a spectral sequence E P,q converging to the twisted cohomology of (M, H) and such 
that E p ' q = H^~ q (M). We call this the generalized Frolicher spectral sequence. 
Alternatively we may filter by g-degree to get a second spectral sequence E' p ' q such 
that (after swapping p and q indices) E' v { q — Hq~ p (M). Note however that this 
spectral sequence (and corresponding filtration on twisted cohomology) is just the 
complex conjugate of the first. 



20 



DAVID BARAGLIA 



Associated to the spectral sequence E P ' q is a decreasing filtration F p H k (M,H) 
on twisted cohomology such that F p H k [M , H) / F p+1 H k {M , H) ~ Note that 

by construction of the spectral sequence F a+1 H b+2 (M,H) = F a H b (M,H). We 
will define a modified filtration F P H(M) by setting 

F k ~ 2p H(M) = FPH k (M,H). 

The change of indices and conjugation are for later convenience. Note also that 
we only need a single index, since from the above definition we know F P H(M) C 
H p+n+T (M, H) c . One should think of F P H{M) as elements of twisted cohomology 
of parity p + n + r mod 2 and represented as a sum of terms in Uj for j < p. The 
nitrations are now increasing and take the form: 

F~ n H(M) C F~ n+2 H(M) C • • • C F n H(M) = H T (M,H) C , 

F- n+1 H(M) C F- ,l+s H{M) C ■ • ■ C F n ^ 1 H(M) = H T+1 (M, H) c . 

We are interested in the case that the twisted cohomology can be decomposed into 
the (9-cohomology. For this to happen it is necessary first of all for the spectral 
sequence to degenerate at E u thus F P H(M)/F p - 2 H(M) = H*(M). However this 
is still not sufficient. We also need that the filtration F P H(M) induces a Hodge 
structure on H p+n+T (M, H), namely the natural maps F p H(M)®F~ p - 2 H(M) -)• 
H p+n+T (M, H)c need to be isomorphisms. If both of these conditions hold then 
we get induced decompositions 

H k+n+r jj ) gj c = Q Hl(M). 

p—k (mod 2) 

Thus H T (M, H) will have a Hodge structure of weight n and H T+1 (M, H) a Hodge 
structure of weight (n — 1). 

Let M, J be a generalized complex manifold. We recall the definition of the 
99-lemma, also known as the dcF-lemma: 

Definition 4.1. We say that M, J satisfies the (99-lemma if 

Im{d) n Ker(d) = Im(d) n Ker(d) = Im(dd). 

Following the argument used in [7] , one finds that the dd- lemma is equivalent to 
the following two conditions: 

(1) the generalized Frolicher spectral sequence degenerates at E\, and 

(2) the induced filtration on twisted cohomology is a Hodge filtration. 

Actually in [7] they work with bounded complexes. The corresponding complex 
here W r,s is not bounded, but it is the case W r,s = if \r — s\ > n, which is 
sufficient for the argument of [7] to carry through. 

The 99-lemma implies the existence of a Hodge decomposition 
H k+n+T (M,H) c = #§(M) 

p—k (mod 2) 

in twisted cohomology. In order to consider variations of this Hodge structure we 
need to know that under suitable conditions the existence of the Hodge decom- 
position is stable under sufficiently small deformations. In fact, the usual elliptic 
semi-continuity argument used in the complex setting can be applied to obtain: 
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Proposition 4.2. Let n : M B be a locally trivial fiber bundle with compact 
fibers. Let E — > M be a family of exact Courant algebroids on M obtained by re- 
duction of an exact Courant algebroid F on M and J a generalized complex struc- 
ture on E. Suppose that for some b € B the generalized complex structure on the 
fiber Mb = it~ l {b) satisfies the dd-lemma. Then there exists an open neighborhood 
U C B of b in B such that for every u G U the generalized complex structure on 
the fiber M u also satisfies the dd-lemma. 

Proof. Since E arises from reduction of an exact Courant algebroid on M, we know 
by Section |2"U1 that the twisted cohomology groups H*(M U , H\m u ) of the fibers have 
constant dimension and in fact define a flat vector bundle over B. Now since M u 
satisfies the dd- lemma we have that the sums of the dimensions of the 9-cohomology 
groups H^{M b ) agrees with the dimension of H*(Mt,HM b )- Now the 9-operator 
forms an elliptic complex and the H^(M U ) groups are then in bijection with the 
kernels of the corresponding Laplacians. By elliptic semi-continuity |f 71 Theorem 
7.3] there is a neighborhood U of b such that dim(fl|(M„)) < dim(#|(M b )) for 
all u G U. On the other hand by considering the generalized Frolicher spectral 
sequence we find that 



This requires equalities throughout so for all u G U we see that the generalized 
Frolicher spectral sequence degenerates at Ei and dim(H^(M u )) = dim(fl^(Mf,)). 

In addition, since F p H(M h ) n F-P~ 2 H{M b ) = 0, the same is true for all u suffi- 
ciently close to b, since we can view twisted cohomology as defining a smooth vector 
bundle over U and the F P H(M U ) are smoothly varying subbundles. From this it 
immediately follows that for all u sufficiently close to b the conditions equivalent to 
the <9(9-lemma hold. □ 

Before we proceed to consider variations of Hodge structure, let us consider what 
maps between generalized complex manifolds preserve Hodge structures. We obtain 
a result analogous to the complex case j£l Theorem 2.4]. First we need to explain 
the notion of Poincare dual classes in twisted cohomology. 

Let M be a compact oriented manifold and H a closed 3- form on M. Suppose 
we have a pair (N, B) consisting of a submanifold N and 2-form B on N such that 
H\n = dB. In this case we get a linear map An,b '■ H*(M,H) — > R as follows. 
Let oj be a G?#-closed form on M. Then we define Ajv,b(w) = f N e B oj, where the 
integration denotes an integration over the top degree part of e B (w|,/v). One checks 
that this map evaluates to zero on ci#-exact classes and so passes to a linear map 
on twisted cohomology. The Mukai pairing ( , } defines a non-degenerate pairing 
on twisted cohomology Q : H*(M, H) <S> H*(M, H) — > R and so there exists a class 
4>n,b S H*(M,H) which is dual to \n,b- Explicitly this means that for any class 



dim (H 1 




- dim (H°(M b , H\ Mu ) © H\M b , H\ M J) 
= dim (H°(M U , H\ M J © H^Mu, H\ M J) • 
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u> e H*(M,H) we have 



Xn,b(u) = Q(ui,(f> Nt B) = / (uj,4>n.b) 

Jm 



One may think of Xn,b as a sort of twisted fundamental class and 4>n,b as the 
Poincare dual. 

Let (M, J, H), (M' , J' .H') be generalized complex manifolds satisfying the dd- 
lemma. Let / : M — > M' be a diffeomorphism and B a 2-form on M such that H = 
f*{H')+dB. Such a pair (/, B) gives rise to a pullback map (/, B)* : H*(M', H') -)• 
H*(M, H) which sends a dy/ -closed form w to e~ B f*(u). We give a characterization 
of pairs (f,B) which preserve Hodge structures. Let p,p' denote the projections 
from M x M' to M, M' . We then have an isomorphism H*(M, H)®H*{M', -H') -> 
H*(MxM',p*(H)-p'*(H')) which sends top*{u) Ap'*(uj'). To sec that this 

is an isomorphism one only needs to observe that there is a similar tensor product 
decomposition at the level of differential forms from which the decomposition in 
cohomology follows. Let a : H*(M',H') — > H*(M',—H') be the isomorphism in 
SectionE31 We then get a Z-graded decomposition H* (M x M',p*(H) -p'* {H')) = 
fc H k by setting 



Let a' denote the involution of TM' © T*M' which acts as the identity on TM and 
as —1 on T*M'. Then J' a , = a 1 J 1 a' is a generalized complex structure on M' and 
one can show that the decomposition H*(M x M',p*(H) -p'*{H')) = fc H k with 
H k defined in (14. lj) is the decomposition corresponding to the generalized complex 
structure p*(J) ®p'*{J' a ,) on M x M'. Now let N = {(m, m') <E M x M'\m' = 
f(m)} be the graph of /. Let H = p*(H) -p'*{H') and B = p*(B)\ N . Then 
it follows that Ho\n = dBo, so the pair (N,Bq) defines a Poincare dual class 
4>n,b G H*{M x M',Hq). 

Proposition 4.3. The map {f,B)* : H*{M',H') -> H*(M,H) preserves Hodge 
decompositions (in the sense that (f,B)* sends H^(M') to H-^(M)) if and only if 
4>n,b G H° where H° is defined in 

Proof. Consider a class in H*(M x M',H ) of the form p*(a) A a(p'*/3) where 
a e H*(M, H), (3 e H*(M', H'). We know that such classes span H*(M x M', H ). 
By definition of 4>n,b w e have 



Now (j>N,B has degree if and only if Q(p*(a) A a(p'*f3), (/>n,b) — for all a and f3 
whose degrees do not sum to zero. One the other hand J M (a, (/, B)*j3) = for all a 
and f3 whose degrees do not sum to zero if and only if (f,B)*j3 has the same degree 
as j3, which is exactly the condition for (/, B)* to preserve Hodge structures. □ 



(4.1) 



H^{M)®a{H^M)). 
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4.2. Variation of Hodge structure. Let n : M — > B be a locally trivial fiber 
bundle with compact fibers. Let E — > M be a family of exact Courant algebroids 
obtained by fiberwise reduction of an exact Courant algebroid F M on M. 
Let J be a generalized complex structure on E. Assume in addition that the 
fibers of 7r satisfy the (99-lemma with respect to their induced generalized complex 
structure. We will refer to such a family (M, B, it, E, J) as a good family. Note that 
if M is a compact generalized complex manifold satisfying the <9<9-lemma then by 
Proposition 14.21 we know that all sufficiently small families of deformations of Mo 
are good families. 

We have that E is the fiberwise reduction of an exact Courant algebroid F on 
M. For definiteness we take F = TM © T*M with if-twisted Courant bracket for 
some closed 3-form H 6 i7 3 (M). The twisted cohomology groups of the fibers of 
a good family form a local system %* , which defines a corresponding flat vector 
bundle (H*, V), so H* is the sheaf of constant sections of H* . As in Section [2~3l 
we call V the twisted Gauss-Manin connection. Since the fibers of 7r satisfy the 
9<9-lemma we know that on each fiber there is a Hodge structure 

H k+n+T {Mb)c = Q H P {Mbl 
p—k (mod 2) 

where Mb = 7r _1 (6), 2n is the dimension of the fibers and r is the parity of the 
generalized complex structure on the fibers. As in the proof of Proposition 



we know that the dimensions of the i?~(Mf,) groups are locally constant on b. 
For simplicity we will assume B is connected, so the dimension of each group 
_ffA(Mb) is constant. By standard elliptic theory [TTJ Theorem 7.4] we know that 
the assignment b i-)- H-^{M{) is a smoothly varying subbundle of H* which we 
denote by H^. The Hodge decomposition can be written as 

H k c +n+T = E*. 

p—k (mod 2) 

We note that ff| = H^ k . We also note that the Mukai pairing Q : H* <g> H* ->■ R 
upon complexification induces a duality pairing between and H^ k . We have 
a Hodge filtration on each fiber and this defines a corresponding filtration on H* . 
Namely for p — k (mod 2) we set 

F>E = H*. 

k<p, fc-p (mod 2) 

On any given fiber Mb this is just the previously defined Hodge filtration F p H(Mb) 
for H*(Mb, Hb). We now show that the analogue of Griffiths transversality [10] 
holds: 

Proposition 4.4. If s is a section of F P H and V is the twisted Gauss-Manin 
connection then Vs is a section of T*B (g) F P+2 H . We therefore get an induced 
bundle map r : F P H/F p - 2 H -> T*B(g>F p+2 H/F p H, that is a bundle map t : TB® 
— > H^ +2 . Let k : T(TB) — > H 2 (L) be the generalized Kodaira- Spencer map. 
For each Z E TbB we have a generalized Kodaira- Spencer class Kb(Z) £ H 2 (Lb), 
where Lb is the +i-eigenbundle of the generalized complex structure on the fiber Mb- 
Then t(Z) : H p (M b ) -> H p+2 (M b ) is the cup product with Kb(Z). 
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Proof. Since the statements to prove are local with respect to the base we may 
by restriction assume B is contractible, choose a trivialization M — B x Mq and 
choose a closed 3-form H G H 3 (Mq) representing the Severa class along the fibers. 
Let a be a section of H?-. Then we can find a differential form 5, on B x M such 

a 

that 5, contracted with vector fields on B is zero and such that the restriction of a 
to the fiber Mf, is a d#-closed section of U p , hence d- and 9-closed as well. 

Choose local coordinates b 1 , . . . ,b s on B and consider the behavior of the gener- 
alized complex structure J = J(b) around 6 = 0. As a vector bundle the Courant 
algebroid E is TM ®T*M (pulled back tofix M ) and we can think of J as a gen- 
eralized complex structure on TMq®T* Mq that varies with b G B. We can expand 
J(b) in the form J{b) — J(0)+6 J Jj+- ■ ■ , where the additional terms are higher order 
in b. Similarly the -M-eigenspace Lj, of J(b) varies with b and, as usual restricting 
the base if necessary, we can write as a graph L\> = {X + e(b)X | X G Lq} where 
for each b, e is a section of /\ 2 Lq on Mq. If we similarly expand e like e(b) = W tj + . . . 
then tj is a representative for the generalized Kodaira-Spencer class Ka{d/dV). By 
straightforward algebra one sees that 

(4.2) J. j = 2ie 3 - 

Recall that J can be viewed as a section of A 2 E and therefore has a Clifford action 
on differential forms. Under this action U p is the — ip-eigenspace of J Now the fact 
that a is a section of U p for all b G B gives us J(b)ai, — —ipai,, where we write at, for 
the restriction of a to the fiber over b. Let us now expand cif, as &6 = &o + fr 7 5j + . . . . 
Let us note that according to Equation ()2.3[) we have (Vg /a&i a) (0) = [a^], where V 
is the twisted Gauss-Manin connection. Collecting fr 7 -coefficients we get 

(4.3) Jj-ao + J(0)a,j = —ipdj. 

We note that ej sends U p to U p+ 2 and ej sends U p to U p -2- By (|4.2j) we have 
that Jjao consists of a term in U p +2 and a term in U p -2- Feeding this in to 
(|4.3p together with the fact that J(0) acts like — ik on Uk, we see that dj has only 
components of degrees p— 2, p andp+2. From this we immediately see that V sends 
FPH to T*B ® FP +2 H. Next, to work out the induced map r : FPH/FP- 2 H -)• 
T*B(&F P+2 H/ F P H we need only determine the degreep + 2 part of dj. From (I4.2[) 
and (14.31) we find that it is given by e^-ap. Now since [do] = a(0) and ej represents 
K (d/dW) we get that this equals K O (d/dV)a(0) as claimed. □ 

Remark 4.5. From the above proof we also see that for any vector field X, Vx 
sends #5 to Bl~ 2 © ff| © i/^ +2 . The parts of V that raise or lower degree can be 

d o d o _ 

expressed using the generalized Kodaira-Spencer class and its conjugate. 

Let (M, B, 7r, E, J) be a good family. We now consider period mappings for 
such families. Fix a basepoint G B and let Mq = 7r _1 (0). Fix an integer p and 
consider the subbundle FPH C H^. +n+T . Let P = dim c {FPH). Using the twisted 
Gauss-Manin connection V we can parallel translate the fibers of F P H back to the 
fiber of H£ +n+T at 0. If B is the universal cover of B then this process of parallel 
translation determines a period mapping (c.f. [10 ) : 

VP : B -> Grass(/P,!F+"+ r (M ,tfo)c), 

where Grass(r, V) denotes the Grassmannian of r-dimensional complex subspaces 
of a complex vector space V. 
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Remark 4.6. That the period map V p is defined on the universal cover B in general 
rather than on B itself reflects possible non-trivial monodromy of the twisted Gauss- 
Manin connection. Let p : tt\{E) — > GL(H* (Mo, Hq)) be the monodromy of the 
twisted Gauss-Manin connection. Then on viewing B as a principal tt\ (£>)-bundlc 
over B we have that the period map satisfies V p (xj) = p(j)~ 1 V p (x) for all x G B 
and 7 G iri(B). 

We have considered here period maps obtained by considering single term F P H 
of the filtration on twisted cohomology. By considering multiple terms we get period 
maps into more general flag varieties. However these maps are determined by the 
V p , so we restrict attention to these. 

Let V be a complex vector space and W be a complex r-dimensional subspace, so 
W G Grass(r, V). Choose a complimentary subspace W so that V = W®W. Then 
an open neighborhood of W in Grass(r, V) is given by those subspaces which can be 
written as a graph {X + AX \ X G W}, where A G Hom(W r , W) ~ Hom(W, V/W). 
It follows that we can identify the tangent space 2VGrass(r, V) with Hom(W, V/W) 
and this identification is in fact independent of the choice of complement W'. Based 
on this identification we can describe the differential dP p of the period map. Indeed 
the differential can be thought of as a map <p:TB -> Rom(F p H, H p+n+T / F P H). 
To get the actual differential dV p we use parallel translation to transport the various 
subspaces back to the basepoint. It is clear that <f> can be described directly using the 
twisted Gauss-Manin connection as follows: if s is a section of F P H and X a vector 
field on B then <fi(X)s = V^s (mod F P H). Now as in Proposition 14.41 we know 
for each vector field X, <f>(X) is actually valued in Rom(F p H 1 F P+2 H/F P H) and is 
induced from an element in Hom(F p H / F p ~ 2 H , F P+2 H/F P H) = Hom(H|, H p+2 ), 
namely the product with the generalized Kodaira-Spencer class. We have thus 
found an expression for the differential of the period maps. 

Proposition 4.7. If the family of generalized complex structures (E,J) is a holo- 
morphic family then the period maps V p are holomorphic. 

Proof. We have seen how the differential of V p is essentially given by the action 
TB ® —> H^ +2 of the generalized Kodaira-Spencer class. In Proposition 13 . 81 we 
showed that for holomorphic families of generalized complex structures the gener- 
alized Kodaira-Spencer class is complex linear. It follows immediately that V p is 
holomorphic. □ 

5. Special cases 

5.1. Symplectic type. Let E be an exact Courant algebroid on M and J a gener- 
alized complex structure on E. Associated to J is a bivector field /3 G T(M, A 2 TM) 
given by letting /3£ = p(J£) for any 1-form £. As a consequence of the integrability 
of J it turns out that /3 is a Poisson structure [14j Proposition 3.21]. We consider 
the two extreme cases. When j3 has maximal rank /3 : T*M — > TM is an isomor- 
phism and the inverse w : TM — > T*M is a symplectic structure, we say that J is 
of symplectic type. When /3 has minimal rank, that is f3 — then T*M is invariant 
under J and induces an integrable complex structure on M. We say that J is of 
complex type in this case. In this section we consider the Hodge decomposition 
for symplectic type generalized complex structures. In Section [5.2l we will consider 
complex type. 
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Let J be a symplectic type generalized complex structure. Thus /? is a non- 
degenerate Poisson structure and can be inverted to a symplectic structure uj. 
Choose an identification E = TM © T*M with H- twisted Dorfman bracket for 
some closed 3-form H . One can then show that J has the form 

uj- x B -uj- 1 ' 
lu + Boj- 1 B -Buj- 1 \ ' 

where we write for f3 and B is a 2-form on M. To see this note that an isotropic 
lift of TM is given by J(T*M). With respect to this lift J has the form above with 
B = 0. Any other splitting is related by a 2-form B and J takes the form above. 
The corresponding pure spinor for J is p = e~ B+lu . Integrability of J actually 
forces p to be d#-closed which is equivalent to duj = and dB = H. Note in 
particular that H represents the trivial cohomology class. It is sufficient to assume 
that H = 0, so that B is a closed form. 

To describe the decomposition of forms into the eigenspaces Uk of J, let f3 = uj^ 1 
act on forms by contraction /3 : A k T*M c -> A k ~ 2 T*M c . Then we have [5] 

U k _ n = {e- B+w e^ 2% OL | a E A k T*M c }. 

If we define <j> : A*T*M ->■ A*TM by <p{a) = er B+lu 'e^ 2i a then restricted to 
A k T*Mc is an isomorphism : A k T*M -> Uk-n- As in [2] define an operator 
<5 : T(A k T*M c ) -> r(A fc - 1 T*M c ) by setting (5 = d]. We make use of the identity 
\P, S] = from [5] to see that [d, f3 k ] = —kf3 k ~ 1 5. From this it is shown in [S] that 

d(j)(a) = 4>(da — — 6 a) 
2i 

and it immediately follows that 

d(f>(a) — 4>{da), 
dcj)(a) = -^-M6a). 

We see in particular that induces an isomorphism H k (M,C) ~ H^~ n (M) be- 
tween de Rham cohomology with complex coefficients and the 5-cohomology. As 
a consequence the Frolicher spectral sequence always converges at the -Ei-stage in 
the symplectic case. However, this is not sufficient for the 99-lemma to hold. Using 
the bundle isomorphism <fi the operators d, d correspond to d and —6/2i. It follows 
that the 99-lemma is equivalent to a corresponding property of the operators d, 6. 
As explained in [5], for a compact manifold M it follows from [21] together with 
[21)1 |2"U] that the dd- lemma is equivalent to the strong Lefschetz property: the map 
uj n ~ k : H k (M, K) H 2n - k (M,R) is an isomorphism for < k < n, where M has 
dimension 2n. 

Let L C Ec be as usual the i eigenspace of J. If we set a = uj + %B then we 
can write L as a graph L = {X — iaX \ X £ TMc}. There is an isomorphism 
%jj : TM C -> L given by ip(X) = X — iaX. Observe that TMc is a complex 
Lie algebroid with Lie bracket the usual Lie bracket of vector fields. One can 
easily see that tp is an isomorphism of Lie algebroids, indeed %j) is just the inverse 
of the anchor p : L — > TMc- It follow that there is an induced pullback map 
ijj* : A*L* — > A*T*Mc which induces an isomorphism of Lie algebroid cohomology 
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groups ip* : H k {L) -> H k (M,C). Let £ be a 1-form. By the definition of ip it 
follows that V ,_1 (0 = Y + ioY ', where iujY — £. With some further algebra one 
deduces that the Clifford action L* ®Uk — ► L^fe+i corresponds under <f> and ^ to the 
wedge product T*M C ® A k T*M c -> A k+1 T*M C , namely 

^{^{a) =2<M£Aa). 

It follows that up to factors of 2 the action H j (L) ® ff|(M) Hl +k (M) of the 

Lie algebroid cohomology of L on the cohomology of 9 is just the wedge product 
in de Rham cohomology. 

Let us assume now that M is compact and the strong Lefschetz property holds. 
Thus we get a Hodge structure on the ^-graded cohomology of M. The stability 
of the 99-lemma under small deformations is particularly easy to see here, small 
deformations of symplectic structure will continue to satisfy the strong Lefschetz 
property. It is worth remarking here that all sufficiently small deformations of M as 
a generalized complex manifold of symplectic type are also of symplectic type. The 
space of first order deformations is given by H 2 (L) ~ H 2 (M,C) and corresponds 
to deformations of a = uj + iB. In fact if p is a closed complex 2-form we consider 
the family of generalized complex structures corresponding to the family of spinors 
p t = e ! ( CT+tM ), which is a pure spinor for all small enough t. Differentiating at 
t = we get ip A e la which immediately implies that under the identification 
H 2 (L) ~ H 2 (M,C), the generalized Kodaira-Spencer class is in/2. 

Proposition 5.1. The subspace F P H(M) of the twisted cohomology group 
HP+ n (M 1 0) c is given by e ilT (H p+n (M, C) © H p+n ~ 2 {M, C) © . . . ). 

Proof. Let a; be a class in F P H(M). This means that x has a representative of 
the form e l<J e^^ 2l a, where a is a sum of forms of degree < p + n. Then e~ la x is 
represented by e^^ 2l a. Note that since j3 only lowers degree we have that e^l 2% a is a 
sum of closed forms of degree < p+n. Thus e~ la x £ H p+n (M, C)®HP +n - 2 {M, C)© 
.... Conversely if p is a sum of closed forms of degree < p + n then we can write 
p = ePI 2l a for some form a which also has degree < p + n. It then follows that 
e ia p = e la ePI 2i a is a class in F P H(M). □ 

We see from this result that in the symplectic case the filtration F P H(M) is 
completely determined from the cohomology ring H*(M,C) and the class a. To 
determine how the groups H^(M) sit inside H*{M, C) we can use the relation 

H^(M) — F P H(M) n F~ P H(M) ) so the entire Hodge decomposition follows from 
the structure of the cohomology ring and the class a. 

Suppose now we have a holomorphic family tt : M — > B of generalized complex 
structures of symplectic type satisfying the 99-lcmma. For each b G B we have a 
pure spinor e lcr ^ for Mb, where a = lo + iB determines a section [a] = [u> + iB] of 
the flat vector bundle associated to the local system i? 2 7r*C. Since the family 
is holomorphic we have by Proposition 14.71 that the period maps are holomorphic, 
but from Proposition 15.11 we see that the period maps are holomorphic if and only 
a is holomorphic as a section of H 2 . 

5.2. Complex type. On a generalized complex manifold (M,E, J) the decompo- 
sition of forms determined by J gives rise to a grading on twisted cohomology and a 
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corresponding filtration F 3 H(M). However there is another filtration W 3 H(M) on 
twisted cohomology which does not involve J. Namely it is the filtration induced 
by a corresponding filtration {W^} of the bundle of even or odd differential forms, 
where W 3 = p>J A P T*M C . This is a filtration on the total space S c = A*T*M C 
of differential forms. Since the twisted differential dn = d + H only increases degree 
it preserves this filtration. We let W 3 H(M) be the image of the dff-cohomology of 
W 3 in the total twisted cohomology group H*(M, H) c = H°(M, //i; //'i.U. H) c 
induced by the inclusion W 3 — > Sc- 

On a generalized complex manifold we thus have two nitrations on twisted co- 
homology. However it would appear that in general these two filtrations do not 
interact well, or at least it is not clear why they should. The problem is that 
while the twisted differential dn respects the filtration the same need not be 

true for the operators d, d. Since 9, d are obtained from dn through the inclusion 
T*M — > E followed by projection to the ±i eigenspaces L, L it follows that d, d 
will preserve the filtration {W- 7 } if and only if we have 

T*M C = (T*M C flL)ffi {T*M C fll). 

Equivalently, this says that T*M as a subbundle of E is preserved by J. In this 
case J induces an integrable complex structure on M and we say J is of complex 
type. Let / denote the induced complex structure on M . One can show that there 
exists an isotropic splitting E — TM © T*M for E such that J has the form 



(5.1) J 



-I 
I* 



Note however that when considering families it is better to think of an arbitrary 
generalized complex structure of complex type to look like a i?-shift of (|5.ip . since 
we can always deform such a J by a family of B-shifts. Let H denote the closed 
3-form corresponding to the choice of splitting for E. Then integrability of J is 
equivalent to integrability of / together with the restriction that H be of type 
(2, 1) + (1, 2). The i eigenspace L is given by L = T°' X M © T* 1,0 M. We then have 
decompositions 

A k L* = A P T 1,0 M (g) A°' q T*M, 

p+q=k 
q— p— k 

Let us write H = h + h, where h is a (l,2)-form. Then the differential d is eas- 
ily seen to have the form d — do + h, where do denotes the usual (untwisted) 
9-operator on a complex manifold. Thus H^(M) is a kind of twisted Dolbeault 
cohomology. For any holomorphic vector bundle A we can combine the twisted 
d operator d : T{Uk) — > T(Uk+i) with the d operator for A to get an operator 
d A : T(Ak) -> T(Ak+i) where A k = A © U k - We let H±(A) denote the cohomology 
groups. In particular we have that the Lie algebroid cohomology has this form: 
H k (L) ~ H^(K*), where K — A n '°T*M is the canonical bundle for the complex 
structure on M. 
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In what follows we would like to compare the filtration F k H(M) associated to 
the generalized Frolicher spectral sequence with the with the filtration W 3 H(M) de- 
fined as above. It will be convenient to temporarily forget the Z 2 -grading on twisted 
cohomology, thus instead of the usual nitrations {F k H(M)} on even and odd 
twisted cohomology, let us instead consider the wrapped up filtration {F k H{M)} 
on the total space of twisted cohomology defined by F k H(M) = F k H(M) © 
F k ~ 1 H(M). Clearly we have 

F- n H(M) C p- n+1 H(M) C ••• C F n H(M) = H*(M,H) C . 

Set F k = J>fc Uk- It follows that F k H(M) is the subspace of twisted cohomology 
which have representatives in F k . As above let W 3 = ® i>:) A 4 T*M C and observe 
the following properties: 

• W = W 3 

• wi = ® k (u k nw 3 ) 

• d{T{W 3 )) C T{W 3 ). 

In fact d sends W 3 to W 3+1 , but in what follows we need only the weaker statement 
above. 

Proposition 5.2. Let W 3 H{M) be the filtration on twisted cohomology induced 
by the filtration {W 3 } and F 3 H{M) the filtration on twisted cohomology as above. 
If (M,E,J) satisfies the dd-lemma then the filtrations {W 3 H(M)}, {F 3 H(M)} 
form a mixed Hodge structure on the twisted cohomology groups in the following 
sense. Let F 1 ' 3 H(M) be the image of F l H(M) n W 3 H(M) under the projection 
W 3 H(M) — > W 3 H{M)/W 3+1 H{M). Then the F i ' 3 H(M) define a Hodge structure 
on W j H{M)/W 3+1 H(M). 

Proof. The result will follow by considering a certain class of complex. Let V be 
a complex vector space with differential d and grading in the range — n, . . . , n, so 
V = V- n © • • ■ © V n . Assume also that 14 = V- k , that d = d + d with d having 
degree I and suppose also that the <9<9-lcmma holds. Next let W 3 be a decreasing 
filtration on V with the following properties: 

(WI) W~ 3 = W 3 

(W2) w 3 = ® k (v k nw 3 ) 

(W3) dW 3 C W j . 

Let F k = J<fe Vk and F k H, W 3 H the filtrations on the cohomology of V induced 
by {F k }, {W 3 }. We will show that F k H, W 3 H defines a mixed Hodge structure on 
H , the cohomology of V. The first step is to prove the following: 

F k H n W 3 H = {[x] | x e F k n W j , dx = 0}, 

where [x] denotes the d cohomology class of x and we are making use of the 9(9- 
lemma to deduce that the d and d cohomology of V are isomorphic. To prove this 
suppose that x 6 F k and y e W 3 are 9-closed and [x] = [y]. Then y = x + dz 
for some z E V. Write z = J2i z i where Zi € Vi- Set z' — J2i>k-i Zi so that 
z' G F^ 1 and let x' = x + dz'. Then [a;'] = [x] and x' G F k . Also write y = y' + y" 
where y' e F k and y" e F- k - 2 . Then by (W2) we have that y' , y" G W 3 and it is 
straightforward to see that x' — y' . So x' G F k n W 3 and represents the same class 
as x and y as required. 
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Let F j ' k H be the image of F^HC\W k H under the projection W k H -> W k H/W k+1 H. 
It follows that F 3 ' k = (i^i? n W k H)/(F ] H n T^ fc+1 iJ) and thus 

{[x] |xe FJ'n 9x = 0}' 

Now using this we will show that F^ k H © F~i~ 2 ' k — H, which is the condition for 
the F^ k to define a Hodge structure. First we show that pi' k H © F~i~ 2 ' k — » is 
injective. Indeed this follows since n W k H) n (F~^ 2 H H W k H) C n 

F~i~ 2 H = 0, since the F J 'if define a Hodge structure on H. To show surjectivity 
let x € W k be (3-closed. Then we may write x = x' + x" where x' € F J and 
.t" e F-i~ 2 . By (W2) we also have x', x" S W k and it is clear that dx' = dx" = 0. 
We thus have [x] = [x'] + [x"\ where [x 1 ] e F^ fc and [x"] e p-i- 2 < k . □ 

We would like to consider variations of Hodge structure in generalized complex 
families of complex type. Consider the Lie algebroid cohomology H 2 (L). There 
is a natural projection map H 2 (L) — > H°(M, A 2 T 1,0 M) obtained by projection to 
the A 2 T lfi M component of A 2 L*. If we restrict to deformations of generalized 
complex structure that preserve the property of being of complex type, we see that 
this component must vanish. Let Hq(L) denote the kernel of the map H 2 (L) — > 
H°(M, A 2 T 1 '°M). Associated to the short exact sequence A 1 '°T*M -)• L -> T°^M 
is a spectral sequence for the Lie algebroid cohomology H*(L). We find that H 2 (L) 
fits into an exact sequence 

H°(M, T 1,0 M) A H 2 (M,0) -> H$(L) 4 /^(M.T^M) A H 3 (M,0). 

The map p : H 2 (L) — > H 1 (M, T 1 '°M) sends the deformation of generalized complex 
structure of complex type to the Kodaira-Spencer class representing the deforma- 
tion of underlying complex structure. The map H (M,0) represents a shift by a 
2-form B + B, where B is a 9-closed (0, 2)-form. 

Let us explain how the variation of the Hodge structures induced by the mixed 
Hodge structure only see the H 1 (M, T 1,0 M) part of the generalized Kodaira-Spencer 
class. In other words, if we take the Hodge structures F IJ H(M) induced by the 
weight filtration, their infinitesimal variation only depends on the image of the gen- 
eralized Kodaira-Spencer class under the map p : Hq(L) —> H 1 (M,T 1 '°M). To 
see this, one need only observe that there is a natural filtration on the bundles 
A k L* given by setting F p A k L* = ® i>p A°' l T*M © A k ~ l T lfi M. Then one can 
show that the Clifford action of F p A k L* sends U l n W 3 to U l+k n W j+2p ~ k . In 
particular we see that F 1 A 2 L* sends U t n W j to U l+2 n W i , while F p A 2 L* 
sends f/j PI W 3 to C/ i+2 Pi W 3+2 . As a consequence we get an induced action 
T 1 '°M®A 0,1 T*M = F 1 A 2 L* / F 2 A 2 L* sending Ui®W j /W i+1 to U i+2 ®W j /W^ 1 . 
Therefore on passing to the W 3 /W 3+1 quotients the A°' 2 T*M part of the general- 
ized Kodaira-Spencer class gets projected out. 

5.3. Generalized Calabi-Yau manifolds. Let E = TM © T*M with ii-twisted 
Dorfman bracket. A generalized complex manifold (M, J, H) is called a generalized 
Calabi- Yau manifold [15] if there exists a globally defined ci_ff-closed pure spinor p 
for J. 
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Proposition 5.3. There is an isomorphism H k (L) ~ H±~ n (M) given by send- 
ing a class a 6 H k (L) to ap. Under this isomorphism the Clifford action iP (L) ® 
H±(M) H^ +k (M) corresponds to the wedge product W (L) ® H k+n (L) -)• 

Proof. The map / : A fc i* — > £4._„ defined by f(a) = ap is easily seen to be an 
isomorphism and moreover /(d^a) = df(a), since p is closed. The second part of 
the proposition easily follows since a fib) = /(a A b), for a, 6 sections of A*L*. □ 

For compact generalized Calabi-Yau manifolds which satisfy the 99-lemma there 
is a Tian-Todorov theorem [8] which states that all infinitesimal deformations of the 
generalized complex structure are unobstructed and there is a smooth local moduli 
space of generalized Calabi-Yau strutcures on M. Note however that there could 
potentially be deformations of M for which the <9<9-lemma does not hold, so there is 
not necessarily a smooth global moduli space of generalized Calabi-Yau structures 
on M. Instead we let Ai denote the space of generalized Calabi-Yau structures on 
M for which the dd- lemma holds. Then we know that Ai has the structure of a 
smooth manifold. 

At the point of Ai corresponding to a pure spinor p of parity r we have that 
the tangent space T p Ai canonically identifies with the Lie algebroid cohomology 
H 2 iL), where L is the i eigenspace of the generalized complex structure associated 
to p. Assume Ai is connected, or restrict to the connected component containing 
p. Let Ai be the universal covering of Ai. On fixing the basepoint p E Ai we get 
a period mapping V~ n : Ai — > P(i/ T (Af, H)c) which for a generalized Calabi-Yau 
corresponding to a pure spinor p' assigns the complex line in H T (M, H)c spanned 

by ft. 

Proposition 5.4. The period map V~ n : Ai — > P(i/ r (M , H)c) is an immersion. 

Proof. By Proposition 14.41 the differential of V~ n at a point corresponding to a 
generalized Calabi-Yau structure p is given by the map H 2 (L) ->• H| -7l (M) which 
sends a class a G H 2 iL) to ap G #|~ n (M), followed by the inclusion of i/|~"(M) 
in H T iM,H) c /H- n (M) = H~~ n (M) © H*~ n {M) © • ■ • © iff (M) which is clearly 
injective. □ 

6. Variation of Hodge structure for generalized Kahler manifolds 

6.1. Generalized Kahler geometry. Let £ be a Courant algebroid. A general- 
ized metric on E is an endomorphism G : E — » E such that G preserves the pairing 
( , ) in the sense that (Ga, Gb) = (a, b) and the induced bilinear form (Ga, b) is 
symmetric and positive definite. Note that by these identities we have that G 2 = 1. 
We can then decompose E into the 1 and —1 eigenspaces of G. It follows that 
V + is a maximal positive definite subspace of E with respect to ( , ) and V~ is a 
maximal negative definite subspace, the orthogonal complement of V + . Suppose 
that J is a generalized complex structure on E. We say that J and G are compat- 
ible if they commute as endomorphisms of E; JG = GJ. In this case the metric 
associated to G is hermitian with respect to J, that is {GJa, Jb) = (Ga, b). 

Let Ji, G be a generalized complex structure and compatible generalized metric. 
Since J\ and G commute we find that Ji = GJ\ is a generalized almost complex 
structure. In general Ji will not be integrable. We say that the pair Ji,G defines 
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a generalized Kdhler structure [12j if J2 is integrable. Equivalently a generalized 
Kahler structure is a pair of commuting generalized complex structures Ji , J2 such 
that G = — J 1 J 2 is a generalized metric. 

Let E be an exact Courant algebroid over a manifold M of dimension 2n. Choose 
a closed 3-form H on M so that we can identify E with TM © T*M with H- 
twisted bracket. Suppose that J\,J2,G defines a generalized Kahler structure on 
E. We note that the bundle of differential forms S on M has two decompositions 
corresponding to the eigenspaces of the Clifford actions of J\, J2 on S. Since Ji, J 2 
commute there exists a simultaneous eigenspace decomposition. We let U rjS denote 
the subspace of S which is the — ir eigenspace of Ji and —is eigenspace of J2. 
To better understand this decomposition let us hrst note that there is a related 
decomposition of Ec, namely 

E c = L\ © L{ ©L+ 

For i = 1, 2 let denote the i eigenspace of J,. Then L\ is by definition L\V\L?, 
and is Li PI £2- It follows that Li = L\ © and L2 = L\ © Additionally 
it is clear that Vq = V + ® C = Lf © L^, where V + is the 1 eigenspace of G, 
similarly VJT = L\ © L^f. The fact that J\ and J2 are both integrable implies that 
the subbundles Lf , L^ are integrable in the sense that their spaces of sections are 
closed under the Courant bracket. 

The Clifford action of L\ sends U r)S to t/ r _i iS _i and the Clifford action of 
L^ sends U r:S to U r _ liS+1 . It follows that we may identify U r:S with A P (L^)* (8 
A 9 (Lj~)* (g) U- n .o where r = p + q — n,s=p — q. Note in particular that [7 riS is 
zero unless r + s = n(mod2). It also follows that the twisted differential dn can 
be decomposed into four components: 

d H = S+ + S- + 5^ + Si, 

where the bi-degrees of 8+ , 5_ , S + , 6- are (— 1, — 1), (— 1, 1), (1, 1), (1, — 1) respec- 
tively. For i — 1,2, let di, di be the d and d operators for Ji. Then we clearly have 
d\ = 8 + + 8- and 82 = S++6-. 

The generalized metric G induces a hermitian metric on the bundle Sc of complex 
forms and taking M to be compact, we get a corresponding L 2 metric on the space 
of sections of Sc- We may then define formal adjoints 61., #* for 8+,5-. From [13] 
we have the following relations, known as the generalized Kahler identites: 

8* + = -8l 
81 = ~S~. 

To the operators 8— , 8+ , d\ , 82 , dn we may define associated Laplacians 
Aj^, A^j— , Ag-, Agj, Arf H . As a consequence of the generalized Kahler identites 
we get that the Laplacians coincide up to constant factors: 

A- = A- - 2 A^ - 2 A^ = 4 A dH . 

This has a number of implications for the twisted cohomology of a compact gen- 
eralized Kahler manifold. First of all it implies that the 99-lemma holds for both 
Ji and J2. Second it implies that there is a bigraded decomposition of twisted 
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cohomology. Let H^—(M) denote the degree (r, s) S + cohomology. It follows that 
H*(M,H) C = H^(M) 

r-\-s—n (mod 2) 

H k( M ) = ^( M ) 

k-\-s—n (mod 2) 

= Hj^(M). 

r+k—n (mod 2) 

6.2. Lie algebroid decompositions. If (M, E, J\, J 2 ) is a generalized Kahler 
manifold then we have seen that the Lie algebroids Li,L 2 corresponding to J\, J2 
admit decompositions L\ = L\ (B , L2 = L\ © LJ~. Additionally L^,L^ and 
their conjugates are themselves Lie algebroids with bracket and anchor inherited 
from their inclusion in the complcxification Ec of the Courant algebroid E. Let 
p~l : L\ — > TMc denote the anchor for h\ , which by definition is just the restric- 
tion of p, the anchor of Ec to L\ . Similarly let p^ , p\ , p^ denote the anchors 
on L^,L^,L^. The direct sum decomposition L\ = L\ © has the proper- 
ties that it is a decomposition into subalgebras and the anchors are related by 
pi (a(Bb) = pi (a) + p{ (b) , where pi is the anchor for L\ . The corresponding prop- 
erties also apply to the decomposition L 2 = Lf&)L^ . We would like to consider such 
decompositions of Lie algebroids more abstractly and examine the consequences for 
the Lie algebroid cohomology. 

Let (A, p) be a Lie algebroid and suppose that there are Lie algebroids {A\,pi), 
(A 2 ,p2) with the properties that as vector bundles A = A\ © A 2 , the spaces 
T(Ai),T(A2) are subalgebras of r(^4) and the anchors are related by p = p\ + p 2 . 
We say that A = A\ © A 2 is a Lie algebroid decomposition. The graded differential 
complex (A* A*, (1a) admits a bigrading by setting A p - q A* = A p Al <gi f\ q A* 2 . Let a x 
be a section of A\ and a 2 a section of ^4 2 . We then define a\ -0,2 to be the projection 
of [ai, a 2 ] to A2. Similarly define 02 • a\ to be the projection of [02, a{\ to A\. The 
Lie algebroid identities for A immediately imply the following identities: 

(M) • («2) = f(ai ■ a 2 ) 
(«i) • {fa 2 ) = /(01 • a 2 ) + pi(a 1 ){f)a 2 
[ai, 61] • a 2 = ai • (61 • a 2 ) - h ■ (ai • a 2 ), 

where ai,6i are sections of Ai, a 2 is a section of A2 and / a function. These 
identities say that A 2 has the structure of a Lie algebroid module for A\ . Similarly 
we get that A\ is a Lie algebroid module for A 2 . Since A 2 is a Lie algebroid module 
for A\ we get an induced Lie algebroid module structure on A q A* 2 . In fact the 
module structure is as follows: 

Q 

(X ■ a)(Y u ...,Y q )= p 1 (X)a(Y 1 , . . . ,Y q ) + ^(-l)^a(X • Y h X u Y,... .,X q ), 

j'=i 

where X G r(Ai), Yi, . . . ,Y q G T(A 2 ) and a G r(A 9 ^). If W is any Lie algebroid 
module for A\ we get a corresponding differential graded complex T(W) A 1 T(W<E) 
A*) -> T(VK ® aM£) ->•..., in particular this applies to = A 9 A 2 so we get an 
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operator d Al : T(A p Al <g> f\*A* 2 ) -> T{AP +1 Al <g> A q A* 2 ). Similarly by swapping Ax 
and A 2 we get an operator <1a 2 ■ T{APA\ <g> A 9 ^) -> r(A p AJ (g) A 9+1 ^). 

Proposition 6.1. For any Lie algebroid decomposition A — Ax ® A2 we have 
dA = gUi + dA 2 ■ Moreover dA 1 dA 2 + dA 2 dA ± = 0. 

Proof. Let £ be a section of A*. It is a simple calculation to see that (Ia(Q — 
dA ± C + dA 2 C- Similarly one can check this identity when £ is a section of A 2 . 
Suppose again that £ is a section of A\. Then for any a € r(A p,9 ^4*) we have 

d Al (f A a) = d Al (0 A a - £ A d Al a 
d>A 2 (£ A a) = (£) A a — £ A c?a 2 a. 

The second of these identities is essentially the fact that the wedge product A\ ® 
is a morphism of Lie algebroid modules for A 2 . Adding these we 

get 

(6.1) (d Al + d A M A a) = A a — £ A (d Al + ^ 2 )a. 

The same argument can be applied when £ is a section of A 2 . Next we observe that 
the identity dA = d Al + dA 2 is clearly true for sections of A°'°^4* since p = px + P2- 
From here we proceed by induction using (|6.ip to see that dA = d,A t + d,A 2 in all 
degrees. The identity dA r dA 2 +d,A 2 d.A 1 easily follows since d\ = d 2 Ai = d\ 2 =0. □ 

6.3. Generalized Kahler deformations. We would now like to consider families 
of generalized Kahler structures and the related deformation theory. For generalized 
Kahler structures there is a deformation complex describing infinitesimal deforma- 
tions, but it is not elliptic except when the manifold is two dimensional. Therefore 
even on a compact manifold we do not expect a finite dimensional space of infinitesi- 
mal deformations. This phenomenon also occurs for ordinary Kahler manifolds. For 
example if (M, I, u) is a Kahler manifold then for all functions (j> sufficiently small 
in an appropriate sense, we get a new Kahler structure by replacing the Kahler form 
ui with oj + iddcf). From this one sees that Kahler structures admit many non-trivial 
deformations and we expect similar behavior from generalized Kahler structures. 
Nevertheless we now define smooth families of generalized Kahler manifolds. 

Definition 6.2. Let X — > B be a fiber bundle, E — > B a family of exact Courant 
algebroids over B obtained by reduction of an exact Courant algebroid F ox\ X. A 
generalized Kahler structure Jx , J2 on E will be called a smooth family of generalized 
Kahler manifolds. 

One can also consider families of generalized Kahler manifolds where one of the 
complex structures varies in a holomorphic family. 

As usual, by locally trivializing the family we can view such a family as a fixed 
manifold M and closed 3-form H, but with Jx, J h varying. Small deformations of 
Jx , J2 can be expressed as in Section 13.31 by taking the i eigenspaces to be graphs 
over Lx,L 2 as in (|3.2[) . Thus there exists sections ex <E T(A 2 Ll), e 2 £ r(A 2 L 2 ) such 
that the corresponding i eigenspaces are 

L[ = {X + e x X I X e Lx} 
L' 2 = {X + e 2 X\X e L 2 }. 
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Let J( , J 2 denote the corresponding generalized almost complex structures. If J[ , J 2 
commute then provided £1,62 are sufficiently small we will have that G = —J'iJ'2 
is a generalized metric. The requirement that J{, J 2 commute imposes a non-linear 
compatibility condition on e±, e 2 . Instead of working out this full condition we will 
consider only infinitesimal deformations and the compatibility condition will be 
linearized. Thus we suppose £j = €i(t) depends smoothly on a parameter t such 
that €i(0) — and we differentiate at t — 0. We have 

Jf(f) = J l + t(2»e<(0) - 2*^(0j) + 0(t 2 ). 
Now since K 2 L\ = A 2 (L+)* © ((Lf)* ® (L^)*) © A 2 (L^)* we may write ei(0) = 
(e« ef^) where e« £ J_(_A 2 (L+)), 4 2) G r((L+)* ® (Lr)*), 4 3) G r(A 2 (LD*). 
Similarly replacing Lj~ by we may write e' 2 (0) = (e^, e 2 2 \ e 2 3 ^)- To first order 
the condition [J[{t), J 2 (t)] = becomes the following compatibility conditions: 

(6-2) 

(6.3) 4 3) =ei 3) - 

We see that at the infinitesimal level a deformation of generalized Kahler struc- 

(1) (2) (3) (2) 

ture has four components , e\ ,e\ ,e 2 . Although the components so far are 
independent the integrability condition imposes relations between the derivatives 
of these components. The integrability condition is that J[,J 2 are integrable, 
which at the infinitesimal level translates to the conditions dh^ (y\ , 4 , 4 ) = 0, 

«i 2 ( e i 5 2 ' 1 / 

Using the decomposition L x = L\ L\ we get projection maps A fe L* — > 
A k (Lf)* which induce maps irf : H k {L\) — > H k (Lf). Similarly we have maps 
tt 2 : H k (L 2 ) -> H k (L+) and n 2 : H k (L 2 ) -> H k (L^). Also observe that there is a 
natural antilinear isomorphism H k (L^) — > H k (L^). Let ir 2 : H k (L 2 ) — > iJ fc (Lj") 
denote the composition of tt 2 and this isomorphism. 

Proposition 6.3. Let pi £ H 2 (Li) for £ = 1,2 6e £/ie generalized Kodaira- Spencer 
classes corresponding to an infinitesimal deformation of generalized Kahler struc- 
ture. Then 

(6.4) 7r+( Pl )=n+(p 2 ) 

(6.5) TTf (pi) = TT 2 (P2)- 

Moreover any pair pi G H [Li) satisfying J 6'. ^| ), ( UTS)) can 6e realized as an infin- 
itesimal deformation of generalized Kahler structure in the sense that there exists 
sections ef \ ef \ ef \ ef ] of A 2 (L+)\ [L+)*^(L^)*, A 2 (L^)* , {L+)* ® (If )* 

such that d Ll (e[^\e[ 3) ) = 0, d L2 (e^ , , e< 3 >) = and Pl = [(e^, e< 2 >, e^)], 

Pi - K e l ; e 2 ; £ 1 )Y 



Proof. Equations f|6.4[) . (|6.5|> follow immediately from the corresponding pointwise 
conditions (|6.2[) . (|6.3[) . Now suppose pi,p% satisfy (|6.4j) . (|6.5[) . Then we may write 
Pi = [(e^, ef'\ e+]. The conditions on pi, p2 immediately implies that there exists 
r G T((Lt)*) and s G L((If )*) such that e 2 1} = + d L +r, e 2 3) = e( 3) + d—(s). 
The result follows by replacing (e 2 1 \ e 2 2 \ e^) by (e^\ e 2 2 \ e% ) + d^ 2 [r + s). □ 
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Remark 6.4. Proposition 16.31 describes gives the conditions on the generalized 
Kodaira-Spencer classes associated to a deformation of generalized Kahler struc- 
ture. It is possible however to have distinct deformations of generalized Kahler 
structure which have the same Kodaira-Spencer classes. For instance this happens 
with ordinary Kahler manifolds (M, /, a;) where we deform w tow + iddf ', for some 
function /. 

Note also that we have not determined the conditions for an infinitesimal de- 
formation of generalized Kahler structure to be realized by an actual family of 
generalized Kahler structures. 

6.4. Variation of Hodge structure. We note that a smooth family (% : M — > 
B,E, Ji, J 2 ) of generalized Kahler structures with compact fibers is a good family 
for J i and J 2 in the sense of Section |4T^1 so we get smoothly varying Hodge decom- 
positions corresponding to J\ and J2 as well as the associated period mappings. 
We have also seen that for a generalized Kahler manifold the Hodge decomposi- 
tions for Ji , J2 are compatible in that we get a bigraded decomposition in twisted 
cohomology: 



(6.6) 



which we can think of as a sort of bigraded Hodge structure. Here H* is the 
flat vector bundle associated to the twisted Gauss-Manin connection and HZ^ the 

subbundle represented by degree (r, s) forms. Note that is actually is a smooth 
subbundle, since by elliptic semicontinuity the dimension of HZZ is upper semicon- 

tinuous, but by (|6.6|) the sum of the dimensions of the HZ- is constant. 



If e is any vector field on the base and V the twisted Gauss-Manin connection we 

K ® 

Ol 



have by Proposition l4.4l that the covariant derivative V e sends H-' to HZ @H- 



0i 

. jffi ffi Hl +2 . While V e is a differential operator, if we 

01 02 02 02 

project out the (r, s) component we get C°°(i?)-linear maps. Thus we have bundle 



m 



2 and also to Hi 2 



maps TB ® Hp 
the sum of the following terms: 



HZ ' s , where (r', s' 



^ (r, s). We illustrate this pictorially as 



r,s+2 




r r+2,s+2 



r+2,s 



r+2,s-2 



By Proposition l4.4l we know that these maps are essentially given by the Clifford ac- 
tion of the generalized Kodaira-Spencer classes on twisted cohomology. To explain 

this further we first note that there is a natural action H k (Lt) ® HZ S -)• HZ +k ' s+k 

_ °+ A + 

induced by the Clifford action. This is due to the identity 5+ (a/3) = (d L +a)(3 + 
(-l) a a5 + /3, where a E r(A fe (if)*), f3 e r(J7 r)S ). Similarly there is an action 
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H k (L7) <g) ffT' s — > ff*+ 2 > s ~ 2 _ Combining this with the isomorphism ill' 8 ~ HL' S 

o _ o _ o_o + 

defines an action of H k (L7) on Hj*. Along similar lines H k ((L+)*) and H k ((L7)*) 

can also be made to act on H^'* . 

°+ 

Let pi : TB — > H 2 (Li) represent the generalized Kodaira-Spencer classes, the 
projection of p\ to H 2 (L^) and p7 the projection to H 2 (L7). Then for instance the 
map TB <g> H^ s -> H^ +2s+2 is the Clifford action of p+ and the map TB <g> i£' s -> 

jjr+2,s-2 j g Clifford ac tion of p7. Combining this with complex conjugation we 

6+ 

account for four of the variations: 




The other four maps however are not so easy to describe cohomologically, but 
we can still describe them using representatives. As in Proposition 16.31 let pi — 

[(e^ , ej 3 ^)], p2 — [(ei^! e 2 ) e i^)]- Then if /3 is a ^//-closed degree (r, s)-form 
representing a class [/3] G i?p s then V[/?] (modiip 8 ) is a sum of terms which can 

be arranged pictorially as follows: 

^ 4 2) /3 4 1} /3 
^ * 4 2) /3 
^ 4 3) /3 

Note that the sum of the above eight terms is <ifl--closed modulo terms of degree 
(r+1, s + 1), (r+1, s — 1), (r — 1, s + 1), (r— 1, s — 1). The degree (r+2, s) component 
of Vp for instance is given by j3. 

There is a special case in which all of these terms have a simple cohomolog- 
ical description. If the class pi G H 2 (Li) can be represented by a triple p\ — 
[(ej 1 ', Sj 2 ^, e^)]) where 4 is c^-closed for j = 1,2,3 then we obtain a decom- 
position pi = p^ + + p^ 3 \ where pj = [e^ ] G H 2 {Li). If this is possible 
it is straightforward to see that we must have that p^ — pf, p^ — p7 are the 
projections from H 2 (Li) to H 2 (L^), H 2 (L7) respectively. Also the class p^ has 
the property that its Clifford action sends H- s to H- +2 s and then the component 

TB®H?- ,S — > iK + ' s of the variation of Hodge structure is just the Clifford action by 
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(2) fl") (2) (3) 

the class p\ . However we suspect that such a decomposition p\ = {(£{ ,e\ 7 e\ )] 
need not be true in general. 
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